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Outline

« Non-parametric models overview

 Supervised learning non-parametric

= k-nearest neighbor

= Decision Tree
« Unsupervised learning non-parametric

= k-means clustering



Neural networks reason over billions of parameters, have incredible predictive power

Yet in many situations, we may not want to immediately fully commit to deep learning
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The Power of Thinking
Without Thinking

Malcolm Gladwell
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There’s more to machine learning than predictive power

o Interpretability — understanding why a model makes a decision.
 Adaptivity — updating to new data without retraining from scratch.

o Transparency & trust — explaining results to humans and stakeholders.

Even if all we care about is vanilla predictive power, we

 Data exploration — learning structure before committing to a model.
« Efficiency — using the right model for the right data scale.

o Insight generation — discovering mechanisms, not just correlations.



All ML models learn parameters — but not all are parametric.

Non-parametric doesn't mean no parameters

Instead, it means the model doesn't assumes a fixed functional form for h

o the model complexity grows with data
e usually fast to implement and train, and often effective as a baseline

"Having parameters" = "Being parametric,”

. ; . . . . Electronic Transistors, logic gates, amplifiers

just as "Having mechanisms" = "Being mechanical":
Chemical Catalytic converters, enzyme reactions
Biological Vision, photosynthesis, DNA repair
Computational Algorithms, logic circuits, neural networks

Social or economic Market price formation, voting dynamics
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When we can't fit an equation, we just remember examples.

e Training: None (just memorize the entire training data)
o Predicting (inferencing, testing):

 For a new data point z,.,, take majority (class) or mean (regression) label of its
k nearest neighbors.

parameters learned:

the entire training dataset's features and labels

hyper-parameter:

e k : number of neighbors considered
o distance metric (typically Euclidean or Manhattan distance)
o tie-breaking scheme (typically at random)



training data
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k-NN is a good choice when:
» Decision boundary is irregular / hard to parametrize.
o Dataset is small-to-medium (memory fits; latency acceptable).
Be cautious when:
o Very large n or d (naively needs all pair-wise distance calc, curse of dimensionality).

e Many irrelevant/noisy features (distance metric degrades).

« Features on different scales (must scale/normalize first).

Data without normalization Data with normalization
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https://stats.stackexchange.com/questions/287425/why-do-you-need-to-scale-data-in-knn
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Reading a classification decision tree

Minimum systolic blood
pressure over 24h period > 917

7N

high risk Age > 657

no w

low risk

Is sinus tachycardia
present?

y

low risk

yes

high risk

features:

x1 : date

Ty : age

z3 : height

x4 : weight

s : sinus tachycardia?
zg : min systolic bp, 24h
z7 : latest diastolic bp

labels y :
1: high risk

-1: low risk
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ze = 917 o
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e
: T2 2 657
no o
J
- T5 > 1
y yes
.............................. > _1 1
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Leaf (termlna])



no

Split dimension

Split value

A node can be specified by
Node(split dim, split value, left child, right child)

10 yes

18



no yes

1no

yes

/

-1

A leaf is specified by "Leaf(leaf_value)

yes
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Reading a regression decision tree

X1

features:

o z1: temperature (deg C)
* xo: precipitation (cm/hr)

label: km run
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Nno

Nno
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yes

Nno

> 33

yes

Nno
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xs > 0.3
2 = Each axis-aligned box in feature space shares one prediction

=4
DN

L1 Z 33
label: km run

X2, precipitation

-10

0
10

x1 20 30
-1.00

temperature 40

temperature



@ How to Grow a Regression Tree

The big idea:

1. Grow — start with all data at the root.
Try candidate splits along each feature.

2. Split — pick the split that best reduces prediction error
(lowest weighted variance of target values).

3. Stop — if a region is small or already consistent
(data within < leaf size, or variance below a threshold), make it a leaf.

recursive partitioning: each split divides data into regions where the target values are
more similar, and each leaf predicts by the average of its data points.

30



set of indices hyper—parameter: largest leaf size

VIRV

BuildTree(!, k, D)
1.if |I| > k

2. for each split dim j and split value s

3 Set I;:{ZEI|IIZ§Z>S}

4 Set I —{ZEI‘$§Z<S}

5 Set ¢, = average ;. I y ()

6. Set gj_’s = average ;.. y(z‘)

7 Set. By = Yoer (00— 90"+ Sher (89— 5,)°
8. Set (j*,s")=argmin;,FE,,

9. else

10.  Set ¢ = average ;1 y(i)
11.  return Leaf(leave_value=j)

12. return Node (] s*, BuildTree (I k D) BuildTree (I iy

J* s J* .8

k,D))

31



BuildTree(I, k, D)
1.if |I| > k

2. for each split dim j and split value s

3 Set I;s:{iEIIa:;i)zs}

4 Set I, = {z eIl < 3}

5 Set 3);8 = average ;. y ()

6. Set gy, , = average ; I y@

7 Set E;, = ZZ_E[L (y(i) - g;‘ts)2 n Ziefjfs (y(i) B gj_,s)z
8. Set (j*,s")=argmin;, E;

9. else

10.  Set ¢ = average ;¢ y)
11.  return Leaf(leave_value=%)

12. return Node (j*, s*, BuildTree (I g k) , BuildTree (I;r s k))

Y

AL2

e Choose k =2
e BuildTree({1, 2, 3};2)

e Line 1 true

32



BuildTree(I, k, D)
1.if [I| > k

2. for each split dim j and split value s

3 Set I;s:{iEIIa:;.i)zs}

4 Set Ij_,sz{iEI\mg.i)<s}

5 Set 3);8 = average ;. y ()

6. Set gy, , = average ; I y@

7 Set E;, = Zz‘eljfs (y(i) _ g;‘ts)2 n Ziefjfs (y(i) _ gj_,s)z
8. Set (j*,s")=argmin;, E;

9. else

10. Set § = average ;s y"¥
11.  return Leaf(leave_value=%)

12. return Node (j*, s*, BuildTree (I]Z’S* : k) , BuildTree (Ijs : k))

AL2

e For this fixed
+ _
. Ij,s - {27 3}

I, = 1)
g =
.gj_,s—o
s F. . =

33



BuildTree(I, k, D)
1.if [I| > k

2. for each split dim j and split value s

3 Set I;s:{iEIIa:;.i)zs}

4 Set Ij_,sz{iEI\mg.i)<s}

5 Set 3);8 = average ;. y ()

6. Set gy, , = average ; I y@

7 Set E;, = Zz‘eljfs (y(i) _ g;‘ts)2 n Ziefjfs (y(i) _ gj_,s)z
8. Set (j*,s")=argmin;, E;

9. else

10. Set § = average ;s y"¥
11.  return Leaf(leave_value=%)

12. return Node (j*, s*, BuildTree (I]Z’S* : k) , BuildTree (Ijs : k))

AL2

e For this fixed
+ _
. Ij,s - {27 3}

I, = 1)
g =
.gj_,s—o
s F. . =

34



BuildTree(!, k, D) AL2

) | suffices (those that split in-
10. Set § = average ;s y"¥

between data points
11.  return Leaf(leave_value=%) P )

12. return Node (j*, s*, BuildTree (I]Z’S* : k) , BuildTree (I]+ I k))

Y

1. if |I| > & .
o . = (2®,y¥)
2. for each split dim j and split value s i
n : (i) i (W, yM) 5
3 Set Ij’sz{zél\xj ZS} ] 0
- _ 0 i (@) 42
4 Set I, ={ieI|al) <s} | 5 (%)
5 Set ¢ = average, . y" i < >
y],s & el Y | i v 3«;1
6. Set gy, , = average ; I, y () i
_ i) _ At )2 i) a2
’ Set Bjo = Niery, (0 = 0)" + ey, (0 = 85) o Line 2: It suffices to consider a
8 Set (j*,s*) =argmin;  F, : ..
(7% %) 8T e 54, : finite number of combo
9. else i



10, Set @ (i) combos (random tie-breaking).
: et y = average ;c; y

11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (I, .., k) , BuildTree (I} ..,k))

Y

BuildTree(1, k, D) E AL2
1.if [I| > k i
| (23, yB))
2. for each split dim j and split value s i
, i (2, y™) 5
3 Set I;’rs:{iel\xy)zgs} i 0
4 Set I, ={ieI|al) <s} i 5 @,y
5 Set ¢ = average, . y" i < o
y],s g 7/€Ij,s y | i v xl
6. Set y,, = average ;.- y () i
7 Set E'S = I (@) — Jr ’ + T @) — n ’ i . . " n
jo = Soiery, W0 = 05) + Der, (07— 45) ; o Line 8: picks the "best" among
8 Set (j*,s*) =argmin; , F; ! . . .
(5%, 8°) = argmin;, B, ; these finite choices of
9. else i



BuildTree(I, k, D) AL2
1.if [I| > k

2. for each split dim j and split value s

3 Set I;S:{ief\a;y)zgs}
| 0

4 Set I, = {z eIzl < s} 5 (2?,4?)
5 Set ¢ =average, , y¥ < >

yj,s & el Y | v 331
6. Set y,, = average ;.- y ()

i R 2 i o 2 . .

7 Set Ejs =Yicrr (v —97,) + Xier, (0 —35.) Suppose line 8 sets this
8. Set (j*,s*)=argmin;,FE;, say = (]*, S*) = (1, 1.7)
9. else

10. Set § = average ;s y"¥
11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (I, .., k) , BuildTree (I} ..,k))

Y



BuildTree(I, k, D)
1.if |I| > k

2. for each split dim j and split value s

3 Set Ij:s:{iel\acy)zgs}

4 Set I, = {Z c 12 < 8}

5 Set ¢, = average ;. r y ()

6. Set g)j_,s = average ;s y(z’)

7 Set Ej, = Zzelj (y(i) . gj,s)2 + Zieljjs (y(i) . Z‘?j,s)2
8. Set (j*,s")=argmin,, F;;

9. else

10. Set § = average ;s y"¥
11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (I g k) , BuildTree (Ij;,s* k))

AL2

< >
v L1
Line 12 recursion
BuildTree ({1};2) BuildTree ({2, 3};2)
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BuildTree(I, k, D)
1.if |I| > k

2. for each split dim j and split value s

3 Set I;:S:{ie_[|x§i)zs}

- Set I, = {,L eIl < 3}

5 Set 33;':3 = average ;.- y ()

6. Set gy, , = average ; I y@

7 Set Ejs =i (y® — QZS)2 + Yier (v — @j_,s)z
8. Set (j*,s")=argmin;, F;

9. else

10. Set ¢ = average ;jc; y¥

11.  return Leaf(leave_value=g)

12. return Node (j*, s*,_ , BuildTree (Ij;’s* , k))

BuildTree ({2, 3};2)

39



BuildTree(!, k, D)

1.if |I| > k

2 for each split dim j and split value s

3 Set I;fsz{zef\a:y>s}

4 Set Ij;:{zel\acgl <s}

5. Set ¢!, = average ;. I y ()

6 Set gy, , = average ; I y@

7 Set E;, = Zz‘eﬁ (y(i) . gj’s) n ZZGI (
8. Set (j*,s")=argmin;, F;

9. else

10. Set § = average ;c; y¥
11.  return Leaf(leave_value=j)

12. return Node (j*, s*, BuildTree (I

J*,st?

k) BuildTree (

_|_
I,

2
_y]s)

k)

BuildTree ({2, 3};2)
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BuildTree(I, k, D)
1.if |I| > k

2. for each split dim j and split value s

3 Set I;:S:{ie_[|x§i)28}

- Set I, = {,L eIl < 3}

5 Set 3);':3 = average ;.- y ()

6. Set gy, , = average ; I y@

7 Set Ejs =i (y® — 33;92 + Yier (v — @j_,s)z
8. Set (j*,s")=argmin;, F;

9. else

10. Set ¢ = average ;s y?

11.  return Leaf(leave_value=j)

12. return Node (j*, s*, BuildTree (. .., k) _)
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BuildTree(!, k, D)

+ZZEI ( _y] 3)2

1.if |I| > k

2 for each split dim j and split value s
3 Set I;r:{zef\zcgz>s}

4 Set I, —{zel\m§’<s}

5. Set ¢!, = average ;. I y ()

6 Set gy, , = average ; I y@

7 Set E;, = Zieﬁ (y(i) -~ gj’s)

8. Set (j*,s")=argmin;, F;

9. else

10. Set § = average ;c; y¥
11.  return Leaf(leave_value=j)

12. return Node (j*, s*, BuildTree (I

J*,st?

k) BuildTree (

_|_
I,

k)

42



@ Classification

separates the classes
(lowest weighted entropy or highest information gain)

pure
most data share the same label

that are more homogeneous
in class labels, and each leaf predicts by the majority label of its data points.

43



(10g2 P c)

for example: c iterates over 3 classes

entropy H := - ) ... P, c
AL2
< >
\ 4 L1
.y teolpgtl
6 6 6

H = —[}log, () + § log, (§) + 4 log, ()]

(about 1.252)

AL2
<< >
\ 4 L1
- 3 3
P, : e e 0
6 6
1 = ~(blog, (3) + $1og, (2) +0
(about 1.1)

empirical probability

AL2
< >
\ 4 X1
A 6
P, e 0 0
0
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For classification
BuildTree(I, k, D)

1.if [I| > k

2. for each split dim j and split value s

. 3. Set I;rsz{zel\acy >s}
majority vote ’
. . 4. Set IJ.S:{ZEI\:UEZ <s}
as regional prediction |
‘ ............ > 5. Set g;:s — majority iEI;S y(l)
...... 3 6. Set g, , = majority el y ()
I_s I;,—S
7. Set B=elom )+ Bl e

8. Set (j*,s")=argmin; FE;;
" weighted average entropy (WAE)

. 9. else
"10.  Set § = majority s y'¥ as performance metric

11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (I]Z’S* : k) , BuildTree (I;;,S* : k))



L2
BuildTree(!, k, D) 4

1.if [I| > k

2. for each split dim j and split value s

3. Set I;s:{iellx§i) Zs}
4 set I, ={ier|al <s} =

o . < >
D. Set ;g;.fs = Majority ;cr+ y () v T1
6.

Set gy, , = majority ;.;- y@
’ 7,8

Set E,, = L

7,8 1] -H (I]_,s) ' -H (Ij—ts)

&3
I
ol

J»S
8. Set (j*,s")=argmin;, E;;

-H (I3,) +'- H (I},)

9. else

10.  Set ¢ = majority ;7 y®

11.  return Leaf(leave_value=g%) . . . .
fraction of points to fraction of points to

12. return Node (j*, s*, BuildTree (Ijlﬁg* : k) , BuildTree (I]t’s* : k)) the left of the Split the I‘ight of the Split

46



BuildTree(!, k, D)
1.if [I| > k
2. for each split dim j and split value s
Set I, = {icI|al) > s}
2,8

(
J
Set I, = {icI|al) <s}

Set g, = majority ;. y"
) 7,8

AL T

Set g)j_s = majority , ;- y )
’ 7,8

I _ I,
Set E,, = Jﬁ CH(I7,) + JW[ H (I},)

8. Set (j*,s")=argmin;, E;;
9. else
10.  Set ¢ = majority ;7 y®

11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (I, ., k) ,BuildTree (I ., k))

AL2

Q



BuildTree(I, k, D)
1if [I| > k

2. for each split dim j and split value s

3. set I, ={icr|al >}
4 Set I, = {icI|al) <s}
5. Set g, = majority ;. y"
6. Set §j; , = majority ;c;- y )
I, _ I
7. set By =l omr) v Loy
8. Set (j*,s")=argmin;,FE,
9. else
~ . () ~ ]. 0
10.  Set ¢ = majority ;c7 y P.:x Z o =
2 2

11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (IJ_ . k:) , BuildTree (I;;’S* ; k:))



BuildTree(I, k, D)

1

2.

~

9

10.
11.
12. return Node (j*, s*, BuildTree (IJ_ . k:) , BuildTree (I;;’S* ; k:))

N k=W

JAf I >k

Set
Set
Set

Set

Set

. else

Set (j*

for each split dim j and split value s

+ _J (4)
Ij,s—{z€I|wj >3}
. (i)
Ij,s—{zEI|wj <s}
37, = majority ;. 3

Y; s = majority iel, yt

I _ Ifrs
B = el i) + Bl a1y
,8") = argmin; ; F,

Set ¢ = majority ;.7 y¥

return Leaf(leave_value=y)

~ 4
~ 6

= 0.874

-0.811+2-1

(for this split choice, line 7 E

~ 0.874)
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BuildTree(!, k, D)
1.if [I| > k
2. for each split dim j and split value s
3. set If,={icI|a) > s}
4 Set I, ={icI|a) <s|
5. Set ¢, = majority ;. I, y )
6. Set §j;, = majority ;- y )
Set E;, = J% -H (I:,) + JIW[ -H (I,)

8. Set (j*,s")=argmin;, E;;
9

10.  Set ¢ = majority ;7 y®

11.  return Leaf(leave_value=g%)

12. return Node (j*, s*, BuildTree (IJZ’S* : k) , BuildTree (Ij;,s* : k))

AL2

H
< >
v L1

~[5 logs (5) + 5 logs (5) + 0] ~ 0.722

H (L) + % H(I,)

S|t

N/

—[1logy (1) +0+0] =0

(line 7, overall E; ; ~ 0.602)
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BuildTree(!, k, D)
1.if [I| > k

2. for each split dim j and split value s

3. Set I;s:{iellx§i) Zs}
4 set I, ={ier|al <s} ) = R
5. Set §;, = majority ; ;- y () v Tq
6. Set §j;, = majority ;- yo b
7. Set Ej, = JI,% -H (I:,) % - H (I)) o v . V
this split E; ; ~ 0.874 this split £ ; ~ 0.602

8. Set (j*,s*)=argmin;FE;,

9. else
10. Set § = majority ;c; y line 8, set the better
11.  return Leaf(leave_value=g)

12. return Node (j*, s*, BuildTree (1}73* ,k) , BuildTree (I;;’S* k))



Key takeaway:

Entropy measures impurity — the best split minimizes the weighted entropy.

(Weighted = each branch’s entropy weighted by how many samples fall there.)

"\ In classification decision trees, we keep "cutting" where uncertainty drops the most.
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Ensemble

= Mi1EER

BUSINESS A9.22.2889 11:19 AM
How the Netflix Prize Was Won

Like BellKor’s Pragmatic Chaos, the winner of the Netflix
Prize, second-place The Ensemble was an amalgam of teams
which had been competing individually for the million-dollar
prize. But it wasn’t until leaders joined forces with also-rans
that real progress was made in the contest’s goal to improve
the Netflix movie recommendation algorithm by 10 percent.

[...]

Bagging
e One of multiple ways to make and use an ensemble

« Bagging = Bootstrap aggregating

International Journal of

Forecasting
Volume 36, Issue 1, January—March 2020, Pages 54-74 |22

The M4 Competition: 100,000
time series and 61 forecasting
methods

Spyros Makridakis & &, Evangelos Spiliotis ®, Vassilios Assimakopoulos

Coronavirus Disease

CASES, DATA & SURVEILLANCE

Forecasts of COVID-19 Deaths

Updated Nov. 12, 2020

Observed and forecasted new and total reported COVID-19 deaths as of
November 9, 2020.

Interpretation of Forecasts of New
and Total Deaths

* This week CDC received forecasts of COVID-19 deaths over the next
4 weeks from 36 modeling groups that were included in the
ensemble forecast. Of the 36 groups, 33 provided forecasts for
both new and total deaths, two groups forecasted total deaths
only, and one forecasted new death only.
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Training data D,

(5”' o, y(l)) _ Draw with replacement
_ _ from D,,, create B new

data sets of size n

Bagging

for regression, average; for classification, vote

Bbag (z)

v
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(boosting)
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Outline

e Non-parametric models overview

« Supervised learning non-parametric

= k-nearest neighbor

= Decision Tree (read a tree, BuildTree, Bagging)
« Unsupervised learning non-parametric

= k-means clustering
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structure discovery without labels

k-means
L . clustering
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Food-truck placement

y [ -

i i\ "?‘
o . °'.|.ﬁ.u. X 7L

 z1: longitude, z,: latitude

« n person, person i location z?
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Food-truck placement  z1: longitude, zo: latitude

« n person, person i location z¥

 k food trucks, say k =5

y « -

i i\ "?‘
o . °'.|.ﬁ.u. X 7L

235

#
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of"

B . . "‘-&sﬁ
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L2

Food-truck placement

R
gﬁ.ﬂ. X 1448

U

=28

i3 . .
$‘E&" . . = &

(] f‘ %“ee . ¢

‘Vl S,

ot *

B

g . % ?S:&i’.? .

z1: longitude, z,: latitude

n person, person i location z)
k food trucks, say k =5

Food truck j location p\¥)
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Food-truck placement

z1: longitude, x,: latitude

n person, person i location z)

k food trucks, say k =5
Food truck j location p\¥)

Loss for 7 to walk to truck j : ||a:(i) — pld H2

. '.' : .’ o
L en i, "z?;:
. .:"y.ﬁ,.:i* 2

. .. A

. g, ® _

:"?3.{"," . s e
. f‘ )

. el
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Food-truck placement

z1: longitude, x,: latitude

« n person, person i location z¥
., . * k food trucks, say k =5
C . .o .:.S:..ﬁ.:u. ;‘?:?;.: 0 ¢ FOOd truCk ] IOCatlon /_,L(J)
Tl ?~ Lo o Loss for i to walk to truck j : Ha;(’i) — ul HZ
e o Index of the truck to which ¢ walks: y¥
.0-.(': . - .
"p‘ SO el CEE « Person i overall loss:
‘ ..l‘.* 3 . .° |
. ;0.' ) k ’l, . Z . 2
g R 5
. * @'@ . S
-------- indicator function
L1

1 if person i is assigned to truck j,@o/w.
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k-means objective

what we

clustering membership clustering centroid location

D

S YL 1y = ) || — p@) |

sum over data points sum over cluster

can switch the order = 2?21 P | {y(i) = j} Hf’?(i) — p) ”;
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T2 %

K-MEANS(k, 7, {®}" )

1 p,y = random initialization

2
3

O OO = O O

10

fort=1tort

Yold = Y

fori:=1ton

forj =1tok

pld) = NL] 3

if y == yYoua
break

return u, y

n
1=1

1 (y(i)

2

j) (%)

64



L2

K-MEANS(k, 7, {z®}" )

1
- . [ 2
. ° by ) o
.z".:{'" g ) v:
.."’..._w ?-Pf‘. . . 3
. .. | . A
:f-".:‘:' _m. . . .
:.:?‘;5?.:, .. L . o 5
2 ¢ . .
> f@ ' 6
. .
R .
B *
: 9
L1 10

i,y = random initialization

fort=1toTt

Yold = Y

fori=1ton

y® = argmin; ||z — u0) H2
forj=1tok

pd) = 30 1 (y =) 2
if y == Youa

break

return u, y
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K-MEANS(k7 T, {w(Z) }?:1)

1w,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori: =1ton

5 y) = arg min; ||z —
6 forj =1tok

7 p = 37 1 (y®
8 if y == You

9 break

10 return u,y



K-MEANS(k7 T, {m(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z — p0) ”2
6 forj =1tok

7 p = 53701 (y" =j) 2l
8 if y == Youa

9 break

10 return u,y



K-MEANS(k7 T, {m(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yold =Y

4 fori=1ton

5 y® = argmin; ||z — p0) ”2
6 forj =1tok

7 p = 53701 (y" =j) 2l
8 if y == Youa

9 break

10 return u,y
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K-MEANS(k7 T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y) = arg min; ||a:(i) — pl) ||2
6 forj =1tok

7 p = 5301 (v =j) 2
8 if y == You

9 break

10 return u,y
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L2

-X

K-MEANS(k, 7, {z®}" )

1 u,y =random initialization

2 fort=1tor

3 Yold = Y
4 fori: =1ton
5} y(i) — arg min; ||a:(i) — ,u(j) ||2

person ¢ assigned to food truck j,
feature space partition color-coded.

70



K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

- . B 2 fort=1tor
. .':".-o% ‘:z?’ .. .
i ‘$ L 3 Yold =Y
., . 4 fori: =1ton
"‘.;*:, . B : . 5 y® = arg min; ||z — M(.ﬂH?
ﬁm - . oyt e
.. }.‘,?‘; 6 forj =1tok
| . .. - pld) = NAJ Sl (y(z') — j) 2%
.-:1.";.
= SR 8 if y == yoq
i 9 break
L1 10 return u,y
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K-MEANS(k7 T, {x(Z) }::1)

1 u,y = random initialization

2 fort=1tor

3
4

Yold = Y

fori=1ton

y® = argmin; ||z — u0) H2

forj=1tok

pV = 3 35 1 (" =j) 20

N; =3 1{y" =4}

move food truck j to the central
location of all people assigned to it.
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K-MEANS(k, 7, {z®}" )

. ¥
QIJ
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. ..'.'W&; : i’f‘.
° e :.f" 1 ) .
‘ '.‘ﬂ?@ o ‘- ) . 3 Yod = Y
. . 4

:.. :.:o
i
N ‘- L}
Wiy

1 u,y = random initialization

fort=1tor

fori=1ton

¥
¥
Ot

g . 6 forj =1tok

B 7 W) = 5T 1 (g0 = ) 0
if y == yoq
9 break

L1 10 return u,y
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K-MEANS(k, 7, {z®}" )
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Wiy

1 u,y = random initialization

fort=1tor

fori=1ton

¥
¥
Ot

g . 6 forj =1tok

T 7 WD = L1 (50 =) 2
if y == youq
9 break

L1 10 return u,y
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K-MEANS(k, 7, {z®}" )

R i 1 u,y = random initialization
2 fort=1tor

T s e

o - B | 4 fori =1ton
= N . ; 49 = argmin, [o9) — 0|
Lo ._Z@g" . 6 forj=1tok

o 7 a0 = 1 (5 =) 2
g-;":-.- 22 8 if y == Youa
. m 9 break
L1 10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

. | 2
aﬁ; R 3

:.:?'}E;:. . - .. ?Dc‘ 5
. ﬁ?‘ 6

i - 5 ©
: 7
et 3
- .
L1 10

1 u,y =random initialization

fort=1toTt

Yold = Y

fori=1ton

y@:ammmwﬂn_¢mf

forj =1tok
pld) = N% S 1 (y® =) 20
if y == Youa

break

return u, y
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K-MEANS(k, 7, {z®}" )

1 u,y =random initialization

2 fort=1tor

3 Yola = Y

4 forti=1ton

5 y® = argmin; ||z — u0) H2
6 forj =1tok

7 pO) = S 1 () = ) 2
8 if y == You

9 break

10 return u,y
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K-MEANS(k, 7, {z®}" )

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z — p0) |!2
6 forj =1tok

7 p = 5301 (v =j) 2
8 if y == Youa

9 break

10 return u,y
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K-MEANS(k, 7, {z®}" )

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z — p0) ”2
6 forj =1tok

7 p = 5301 (v =j) 2
8 if y == You

9 break

10 return u,y
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K-MEANS(k, 7, {z®}" )

1 u,y = random initialization

2 fort=1tor

3 Yold =Y

4 fori=1ton

5 y® = argmin; ||z — p0) H2
6 forj =1tok

7 p = 5301 (v =j) 2
8 if y == Youa

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z® — @ ||°
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; [|z® — p0) H2
6 forj =1tok

7 u) = 31 (4 =) 2
8 if y == You

9 break

10 return u,y

82



K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z® — @ ||°
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; [|z® — p0) H2
6 forj =1tok

7 u) = 31 (4 =) 2
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z® — @ ||°
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

o

B2

‘.

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y) = arg min; Hm(i) — ,u(j) H2

6 forj =1tok

7 PO = 51 (0 =) 2
A 8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z® — @ ||°
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; [|z® — p0) H2
6 forj =1tok

7 u) = 31 (4 =) 2
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y® = argmin; ||z® — @ ||°
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == You

9 break

10 return u,y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2
3

N O O

Qo

10

fort=1tort

Yold = Y

fori=1to

y(i) — arg min; Hm(i)
forj=1tok

pld) = N

if y == yYoq
break

return u, y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2
3
4

ot

10

fort=1tort

Yold = Y

fori=1ton

y® = argmin; |[z® — @) H2

forj =1tok
M(j) — N% D

if y == youa
break

return u, y

i1 (g =j) 2t
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2
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N O O

Qo

10

fort=1tort

Yold = Y

fori=1to

y(i) — arg min; Hm(i)
forj=1tok

pld) = N

if y == yYoq
break

return u, y
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K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2
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fort=1tort

Yold = Y

fori=1ton

y® = argmin; |[z® — @) H2

forj =1tok
M(j) — N% D

if y == youa
break

return u, y

i1 (g =j) 2t

93



K-MEANS(ka T, {w(Z) }?:1)

1 u,y = random initialization

2
3

N O O
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10

fort=1tort

Yold = Y

fori=1to

y(i) — arg min; Hm(i)
forj=1tok

pld) = N

if y == yYoq
break

return u, y
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K-MEANS(k, 7, {z®}" )

1 u,y = random initialization

2 fort=1tor

3 Yola = Y

4 fori=1ton

5 y) = argmin; ||z — pl9) H2
6 forj =1tok

7 pO = 5 X1 (Y =) 2@
8 if y == youa

9 break

10 return u,y
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k-means algorithm is sensitive to initialization
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k-means algorithm is sensitive to &

97



(k-means works well for well-separated circular clusters of the same size)
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(k-means can be thought of as performing special auto-encodering)

D(E(x))

/

O OO0 000

decoder D: map a code to a center
\ decoder /

E(x)
|

2000 @

encoder E: map x to a (one-hot) code / encoder \

min > ||lx = DEG)I?

X
[

OCO0O000O0

loss
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(cluster center are prototypes)

not actual data points MNIST
However, they clearly show that
MNIST has strong cluster structure
defined by the different digit types.

learned representations

H1S1S160 5
1101 71210
417101919
110121610
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Summary

e Non-parametric models let data define structure — balancing flexibility, interpretability,
and intuition. Complexity grows with data; make few assumptions about functional form.

o k-Nearest Neighbors (kNN): Predict by looking at nearby training points; depends on
chosen distance metric. Works well for small, low-dim data but costly in high dimensions.

o Decision Trees: Learn interpretable, flow-chart-like rules by recursively splitting data.
Regularize by growing deep trees, then pruning to simplify. Ensembles: Combine many
simple models so they can vote — stronger, more stable predictors.

« k-Means Clustering: Unsupervised grouping of similar data using a distance measure.
The k-means algorithm is sensitive to initialization and the choice of k.

e KNN « local averaging, Trees «» adaptive partition, Ensembles < aggregation, k-Means

< unsupervised structure.
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We'd love to hear
your thoughts.

Thanks!
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https://forms.gle/DefAyvq8KA9kg37X8

