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[Aligning language models to follow instructions. Ouyang et al. 2022]
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 Markov Decision Processes Definition

e Policy Evaluation

= State value functions: V"

= Bellman recursions and Bellman equations
e Policy Optimization

= Optimal policies 7*

= Optimal action value functions: Q*

» Value iteration



Markov Decision Processes

« Research area initiated in the 50s by Bellman, known under various names:
= Stochastic optimal control (Control theory)
= Stochastic shortest path (Operations research)
= Sequential decision making under uncertainty (Economics)
= Reinforcement learning (Artificial intelligence, Machine learning)

o A rich variety of elegant theory, mathematics, algorithms, and applications—but also

considerable variation in notation.

o We will use the most RL-flavored notations.
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4 80%
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Running example: Mario in a grid-world

9 possible states s
« 4 possible actions a: {Up 1, Down |, Left <, Right —]}

o (state, action) results in a transition T into a next state:

= Normally, we get to the “intended” state;
o E.g., in state (7), action “1” gets to state (4)

= If an action would take Mario out of the grid world, stay put;
o E.g., in state (9), “—" gets back to state (9)

= In state (6), action “1” leads to two possibilities:
o 20% chance to (2)
o 80% chance to (3).



L .. . d of (3 dof 3
i.lMarlo in a grid-world, cont'd reward o (,~ , 1) reward o A( 1)

« (state, action) pairs give rewards: VRV S

. . . 10 3
&3 = in state 3, any action gives reward 1 il reward of (6, =)

=10
® « in state 6, any action gives reward -10 R -

areward of (6, |)

B = any other (state, action) pair gives reward 0

o discount factor: a scalar of 0.9 that reduces the 'worth' of future rewards depending
on when Mario receives them.
= So, e.g., for (3, <) pair, Mario gets
o at the start of the game, a reward of 1

o at the 2nd time step, a discounted reward of 0.9

o at the 3rd time step, a further discounted reward of (0.9)? ... and so on



Markov Decision Processes - Definition and terminologies

« S : state space, contains all possible states s.

« A: action space, contains all possible actions a.

e S and A are small discrete sets,

unless otherwise specified.
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Markov Decision Processes - Definition and terminologies

« S : state space, contains all possible states s.

« A: action space, contains all possible actions a.

« T (s,a,s'): the probability of transition from state s to s’ when action a is taken.

20%
- 5
7 3

3
- 4 80%

6

9

T(7,1,4) =1
T(9, —,9) =1 == e e e e
In 6.390,
T(6,1,3) =0.8
e S and A are small discrete sets,
T (6,71,2) = 0.2 unless otherwise specified.

i e ¢ and o' are short-hand for the next-
! timestep state and action.

11



Markov Decision Processes - Definition and terminologies

S : state space, contains all possible states s.

A : action space, contains all possible actions a.

T (s,a, s') : the probability of transition from state s to s’ when action a is taken.

R(s,a) : reward, takes in a (state, action) pair and returns a reward.

_>reward of (3, 1)

o R(s,a) is deterministic and bounded.

= REG,D=1 FoTTTTnnTnnnnnnennsnnnnnn s
1ol i In 6.390,
11 0. E e S and A are small discrete sets,
101010 ---------- i unless otherwise specified.
re;/vard of (6, —) E » s and a’ are short-hand for the next-
R (6, =) = —10 i timestep state and action.
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Markov Decision Processes - Definition and terminologies

S : state space, contains all possible states s.

A : action space, contains all possible actions a.

T (s,a, s') : the probability of transition from state s to s’ when action a is taken.

R(s,a) : reward, takes in a (state, action) pair and returns a reward.

v € [0, 1]: discount factor, a scalar.

m(s) : policy, takes in a state and returns an action.
( ) P Yr ctio e S and A are small discrete sets,

. : : less otherwi ified.
The goal of an MDP is to find a good policy. HITERS OTMETIISE Speciiie
timestep state and action.
o R(s,a) is deterministic and bounded.

i e ¢ and o' are short-hand for the next-
i o 7(s) is deterministic.



Reward R(s, a)

Transition T (s, a, s')

a trajectory (also called an experience or rollout) of horizon h

T = (80,Q0,70,81,Q1, 1y -Sh—1, Gh—1,Th—1)

Vs

o a; = m(s¢)

initial state all depends on 7
o 7y = R(s¢,0a4)

e T(s,a,s)

14



Outline

e Markov Decision Processes Definition

» Policy Evaluation

= State value functions: V"

= Bellman recursions and Bellman equations
e Policy Optimization

= Optimal policies 7*

= Optimal action value functions: Q*

» Value iteration
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Starting in a given sy, how good is it to follow a given policy = for h time steps?

Reward R(s, a) @ @ @ @ @

O———O——0 O e

One idea:
R(s0,m(s0)) + YR(s1,7(s1)) + v’R(s2,7(s2)) + ¥*R(s3,7(s3)) + ... + v" "R(sp-1,7(sp-1))

But if we start at sy = 6 and follow the "always-up" policy:

states and rewards: | -0 0 1o trajectory:

ial 1 2 3 0 00 01 <1
one S.p.eC1a 50% v: 4 g0 oo 1
transition: N T T

4 5 6 0 00 0-1 0-1 0




Starting in a given sy, how good is it to follow a given policy 7 for h time steps?

Value functions:

Vi(s) == E[R(Soﬂf(so)) + YR(s1,7(51)) + Y*R(s2,7(52)) + Y’R(s3,7(s3)) + ... + Wh_lR(Sh—laW(Sh—l))]

:.]E [Zi:ol YR (s, 7 (1)) | so = S’W] (eq. Q)

..j

“.in 6.390, this expectation is only w.r.t. the transition probabilities T (s, a, s')
e V7 (s) : expected sum of discounted rewards starting in state s and follow 7 for h steps

« Value is long-term; reward is immediate (one-time)

« Horizon-0 values Vj(s) defined as 0 for all states

17



i
e

evaluate V7 (s) under the "always-up" policy

states and
one special transition:
1 2 3
20% ... 480%
4 5 6
7 8 9
rewards
L e U N
\\ 0 ,////// h \\ 0 ,/// g \\\\\\ 0 ,//
0 500 00 0
T0 0 0

o m(8)

e v=10.9

(1 /I\ 77’ \VIS

Vi(s) =

E S0 7R (51, 1) [ 30 = s

\ .

— E[R(s0, 1)+ 7R(s1, ) + -+ + 9" R(sp-1, 1)}

7

horizon h = 0: no step left

N
h terms

Vi(s) =

horizon h = 1: receive the rewards

R(s, 1)

0 1
0 -10
0 0

18



g - _
- horizon h = 2

states and | VT ElR R
one special transition: E 2(8) : \(80’ 1) + 7R (s1, 1)
: 2.. A § i 2 terms
20%" .., 180% E
4 5 6 |
T T i R(1,1) +R(1, 1) R(2,1T) +9R(2,17)  R(3,1)+7R(3, 1)
i oo, :
i g AT =1409%(1) = 1.9
rewards E R(4 R(1
o0 0 T 1. i ( ’ T) T ( ’ T) 0 0 1.9
00001 1 ] r
0 | 0 0\)?(/(/)/ 16710 i ---------- 0 0
0 0 / 10 :
0 0.0 ]
0 0000 0 !
0 S0 0 E
o w(s) =“1"7, Vs E o
* =09 i R(5, 1) +R(2, 1)



E horizon h = 2
20% —_YR(2,1)

states and i @ :
i T . action 1
one special transition: | Va(s) : E ]':i(so’ 1) +R(s1, 1) @
L] ~ - |
209", A0 E 2 terms action 1 80(;@ action 1
4 5 6 E R(6, 1) ’ YR(3, 1)
7 8 9 i
e 0 0 L9 |7 = —-10+0.9% (0.2 0+ 0.8 % 1)
1 j:x:ﬁ\\\l i
ol ; = —9.28
10:j><f-/10 | 0 0 —9.28
/_10\\ E
B R o0 e
*7=09  R(7, 1) +7R(4, 1) R(8, 1) +9R(5, 1)  R(9, 1) +R(6, 1)

=0+4+0.9x%(—10) = —9

20
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horizon h = 3

states and
one special transition:
| 2 3
20%" ., 480%
4 5 6
7 8 9
rewards
! \\\ 1 ///
\\\\-10///
-10 - -10
10

e m(s)=“1"7", Vs
e v=20.9

v

T
3

() : E[R(s0, 1) +7R(s1, 1) +7*R(s2, 1)]

~ ~ / @ action 7 action 1 action 1
$terms e
RE D ,@ ............................. ,@
0
action T action 1
YR(3, 1) v’R(3, 1)

R(6, 1) + 20% ~R(2,1) +80% yR(3,1) + 20% v°’R(2, 1) +80% ¥°*R(3, 1)

R(6, 1) + 20% [ YR(2,1) + Y’R(2, 1) |

RS, 1) + 2% 0 [REDFIRET)
R(6, 1) + 20% v BIE)

+80% [ YR(3,1) + 2°R(3,1) |
+ 80% 7 [R(3, 1) + YR(3, 1)]

+ 80% v V3(3)

21



Vi) = R6) + 20% v (@) + s0% v Vi(3)

horizon-h value in state s: the expected
sum of discounted rewards, starting in

state s and following policy = for h steps.

@8 Vi(s) = R(sm(s) + 75, T (s,7(s), 8) Vi, ()

(h — 1) horizon future

value at a next state s’

sum of future values weighted by the

probability of reaching that next state s’

discounted by ~

22



Bellman Recursion (finite horizon h)

states and
one special transition:
1 2 3
20%" .. 480%
4 5 6
7 8 9
rewards
0 7 0 7 s
0 500 01 1
0|0
0 7.0 107
0 0 0 < 01-10--10
050000 0

. m(s)=“17, Vs

e v=10.9

Vi(s) =R (s,m(s)) +v 2.y T(s,7m(s),5)

1 (8')

Vi(s) =R(s, 1) Vi(s)
0.00 0.00 1.00 0.00 0.00 1.90
0.00 0.00 -10.00 0.00 0.00 -9.28
0.00 0.00 0.00 0.00 0.00 -9.00
V1(9) = R(9, 1) + v[V1(6)]

= 0-+0.9 x [~10]

=9

23



. m(s)=“17, Vs

* =09 — _8.632

= —10+ .9[.2 x 0+ 0.8 x 1.9]

Bellman Recursion (finite horizon h) V7 (s) =R (s,w(s)) +v>_, T (s,7(s),s") VI_, (¢)
states and | Vi(s) =R(s, 1) Vi(s) Vi(s)
one special transition: i
I 2 3 0.00 0.00 1.00 0.00 0.00 1.90 0.00 0.00 2.71
20%" . 'fso% ]
4 5 6 |
: . ; 0.00 0.00 -10.00 0.00 0.00 -9.28 0.00 0.00 -8.63
rewards . 0.00 0.00 0.00 0.00 0.00 -9.00 0.00 0.00 -8.35
0T 0 . E
0500 01 1 !
0 o0 1 !
0 0 1 0 i
0 700 011010 |
AR RHES U B V1(6) = R(6, 1) +7[.2 x V}(2) + .8 x V}(3)]
0 0 o\*;x:f/o 00 i
0 o 0 E

24



° 7.‘.(8) — (14 /]\77, vs

* 7 =09 _ _7.048

= —10+ .9[.2 x 0+ 0.8 x 4.10]

Bellman Recursion (finite horizon h) V7 (s) =R (s,w(s)) +v>_, T (s,7(s),s") VI_, (¢)
states and | T T i
i Vy(s) Vi(s) Vi(s)
one special transition: i
1 2 3 E 0.00 0.00 3.44 0.00 0.00 4.10 0.00 0.00 4.69
20%" .. $80% ]
4 5 6 i
: . ) E 0.00 0.00 -8.05 0.00 0.00 -71.52 0.00 0.00 -7.05
rewards . 0.00 0.00 -7.77 0.00 0.00 -7.24 0.00 0.00 -6.77
T 0 T E
0500 01 1 !
0 o0 1 |
0 .0 10 :
0 00 011010 E
e 1)0 , VE(6) =R(6, 1) +7[-2 x V5(2) + .8 x VL(3)]
000000 i
0 o 0 E

25



Bellman Recursion (finite horizon h)

states and
one special transition:
1 2 3
20%" .. 480%
4 5 6
7 8 9
rewards
0 71 0 7
0500 01 1
0|0 1
0 0 -10
0 < 00 < 0-10--10
0 50000 0

. m(s) = “17, Vs

e v=10.9

Vi(s) =R(s,m(s)) +v>_, T(s,7(s),s) Vi_ (s')
Vgg(s) Vgo(s) Vg1(3)
0.00 0.00 9.98 0.00 0.00 9.98 0.00 0.00 9.98
0.00 0.00 -2.82 0.00 0.00 2.81 0.00 0.00 2.81
0.00 0.00 2.54 0.00 0.00 2.53 0.00 0.00 2.53

Vg1(6) =R(6, T) + 7.2 x Vgo(z) + .8 X Vgo(?’)]

= —10+.9[.2 x 0+ 0.8 x 9.98]

= —2.8144

26



Value functions converge as h — oo

states and
one special transition:
I 2 3
20% .. 480%
4 5 6
7 8 9
rewards
0 T 0
000 01 %1
0|0
0 . 0 =107
0 0 0 < 01-10--10
0 500 00 0

. m(s)=“17, Vs

e v=10.9

| |
Vio(s) Vi (s) Vi (s)

0.00 0.00 9.98 0.00 0.00 9.98 0.00 0.00 10.00

0.00 0.00 -2.81 0.00 0.00 -2.81 0.00 0.00 -2.80

0.00 0.00 -2.53 0.00 0.00 -2.53 0.00 0.00 2.52
« As we extend the horizon, value differences shrink
« because longer-term rewards are heavily discounted
* 50, as h — oo, the value functions stop changing

b ia VI — 2 34 ...=1

« convergence can be seen, e.g., via Vi (3) =pi§+:9 + .9 +.9° +--- =10

Typically, v < 1 to ensure V is finite.

27



As horizon h — oo, the Bellman recursion becomes the Bellman equation

states and
one special transition:
1 2 3
20%" ... 480%
4 5 6
7 8 9
rewards
0 0 g
0500 01 1
R D R S
000 2 0-10-10
\\\\\\ 0 ,”//l \\\\\\\ 0 /’I I \\\\\\\ 0 ,'///I
0X00X 0X0

e m(s)=“1", Vs
e v=20.9

Recursion (finite k)

Vi(s) =R (s,m(s)) +v 2., T(s,m(s),s) Vi_ (5')

Equation (h — o) © .(s) = R(s,m(s)) + 73, T(s,m(s), s'.(s’)

A system of |S| self-consistent linear equations, one for each state

T
Voo (s)
0.00 0.00 10.00
0.00 0.00 -2.80
0.00 0.00 -2.52

VE(8) =R(3, 1) +[VL(3)]
—1+.9x10= 10

%(6) =R(6, 1) +7[.2 x VI ,(2) +.8 x V,(3)]

= —10+ .9[.2 x 0+ 0.8 x 10] = —2.8

28



Quick summary 7(s) ——| Policy Evaluation ——V7(s)

Use the definition and sum up expected rewards:

T Vi(s):=E [2?;01 V'R (55,7 (5:)) | 50 = s, w}

Or, leverage the recursive structure:

W finite-horizon Bellman recursions

Vi(s) = R(s,m(s)) + 72y T (s,7(s),5) Vi_; (5)

&) infinite-horizon Bellman equations

Vee(s) =R(s,m(s)) + 722y T(s,7(s),s) VT, (s)

29



Outline

e Markov Decision Processes Definition

e Policy Evaluation

= State value functions: V"

= Bellman recursions and Bellman equations
» Policy Optimization

= Optimal policies 7*

= Optimal action value functions: Q*

= Value iteration
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Optimal policy 7*

o Intuitively, an optimal policy 7* is a policy that yields the highest possible value

Vi (s) from every state

« An MDP has a unique optimal value V7 (s)

 Optimal policy 7* might not be unique

e.g. in the "Luigi game", all rewards are 1,

[E o States and one

h special transition:

-
J

480%

20% "

..‘()

9

then any policy is an optimal policy

Rewards: |

31



Optimal policy 7*

o Formally: an optimal policy 7* is such that: VT (s) = max, V7 (s) = V}(s),Vs € S
« How to search for an optimal policy 7*?
« Even if we tediously enumerate over all 7, do policy evaluation, compare values to

get V7 (s)...it's not yet clear how to choose actions.

V*(s) is defined over states, not actions.

It tells us where we'd like to be — not what we should do to get there.

32



Optimality recursion
if we've acted optimally for h steps: V; (s)

'\

we must have acted optimally from
the first step onward V; _; (s')

~

Reward R(s, a) G @ @ @ @
Transition T (s, a, s') @ @l @ @l @ @ @

o e o

Bellman recursion under an optimal policy

q Vi (s) = max, [R(s, a)+v>., T(s,a, s’)V}"L_l(s’)]

33



Define the optimal state-action value functions Q; (s, a) :
the expected sum of discounted rewards, obtained by
o starting in state s
o take action a, for one step

o act optimally thereafter for the remaining (h — 1) steps

Vi(s) = max, [R(s,a) +7 X3, Tls,a, 8V} (5')] = ma, [Qj (5,a)

\ .

Vs

Qr(s,a)
Q* satisfies the Bellman recursion:

Qi (s,a) =R(s,a) +v>_ ., T(s,a,s)maxy Q; ,(s',a’)

34
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S

Q} (s, a): the value for

« starting in state s,

« take action q, for one step
o act optimally thereafter for the remaining (h — 1) steps

States and one special

transition:

1

2 3

209", *80%

N
S 2 N
2T~ ’
N ’
N ’
’ N ’
’ N ’
a N ’
’ N ’
’ N ’
a \ a
N2
- S -
-~
20N
’
,

35



)
F

Q} (s, a): the value for

« starting in state s,

« take action q, for one step
o act optimally thereafter for the remaining (h — 1) steps

S .
’ N .
’ ’
, ,
, ,
~ ’ N ,
~ ’ N ,
N , N ,
N ’ N ,
N 7 N 7
N N
~ -~
20N 20N
’ N ’ N
’ N ’ N
’ N ’ N
’ O \ \

’ \ . N
N N2 N
T~ T~ ’
\ ’ \ ’
N , N /
N ’ N ’
\ ’ N - 2
~ ’ N a
~ , N ’
N , N ,
N ’ N ’
N 7 N7
N N
S
N
N
\

States and one special Rewards:
transition: T T
l 2 3 000 01 1
209%™~ *80% S0 AN
4 5 6 0 0 < 0-10-10
~v=10.9 7 8 9 00000

Consider Q3(3, |)

o receive R(3, )

=1+4+.9x10

— 8

remaining one timestep

= receive maxy QF (6,a’)

Q3(3, 1) = R(3, 1) + ymax, Q} (6,a')

« next state s’ = 6, act optimally for the

36



States and one special Rewards:

transition: SO0 s
1 2 3 0 00 > 01 1

00 Ao | |0 0

E Q} (s, a): the value for

« starting in state s,
« take action q, for one step

o act optimally thereafter for the remaining (h — 1) steps

Let's consider Q3(3, <)

, N

S0 0 o [ o 1 e next state s’ =2, act optimally for the
0 0010 0-10-10 o .
’ remaining one timestep

N T~ 2T~ , N T~ 2T~ ’
N , N ’ N ’ N ’ \ ’ \ ’ °
N ’ N ’ \ , \ , \ ’ \ ’ *
N ’ \ ’ \ ’ \ ’ \ ’ \ ,
S ’ \ ’ \ , \ ’ \ ’ \ , || /
S ’ N ’ \ ’ \ ’ \ , \ ,
\ ’ \ ’ \ ’ \ ’ \ ’ \ , ,
\ ’ \ ’ \ ’ \ ’ \ ’ \ ’
\ ’ \ ’ \ ’ \ ’ N ’ N ’
YA N4 N4 N4 N4 N7
N7 N/ N N/ N N

X X X X X X
AN GAN GAN GAN BN N
2N 2N AN SN RN 2N
. N ’ N ’ N ’ N ’ N y N
’ N . N . N ’ N . N y N
. N ’ N ’ N . N ’ N , N
N . N ’ N . N ’ N , N
N . N ’ N . N ’ N , N J—
AN 7’ AN 7’ N 7’ AN 7’ N 7’ N ,
N | .- N , N s |- N —_—
N N N / N N . 9 b) )

=1+.9%0
=1

37



g
A

Q} (s, a): the value for

« starting in state s,

« take action q, for one step
o act optimally thereafter for the remaining (h — 1) steps

s ’
, N ’
, ,
, ,
, ,
\ ’ N ’
N ’ N ’
\ ’ N ’
\ ’ N ’
N4 N4
N/ IV
-~ -~
20N 20N
’ N ’ N
. N ’ N
. N . N
’ O \ \

, N , N
N N N
RS 2T~ ’
N , N ,
N , N ,
N ’ \ ,
\ ’ N - ,
N ’ \ ’
\ ’ \ ’
\ ’ \ ’
\ ’ N ’
N4 N4
N/ N -
{
N
N
\

States and one special Rewards:
transition: 70N
1 2 3 000 01 1
209", *80% N
v =0.9 7 8 9 00 <00 0

« receive R(3, 1)

=1.9

Let's consider Q3%(3, 1)

remaining one timestep

= receive maxy Q3 (3,a’)

Q3(3, 1) =R(3, 1) + ymaxy Qf (3,a')

=1+.9x%x1

o next state s’ = 3, act optimally for the

38



)
F

Q} (s, a): the value for

« starting in state s,

« take action q, for one step
o act optimally thereafter for the remaining (h — 1) steps

N
N
N
N
N
N
N7
- S -
-~
20N
’
’
’
’

States and one special

transition:

« receive R(3, —)

0 . 1 :

1 2 3 00 > 01 1
20%".., *80% 0T T
R [

7 8 9 00 <00 0

=1+.9%x1

=1.9

Let's consider Q3(3, —)

remaining one timestep

= receive maxy Q3 (3,a’)

o next state s’ = 3, act optimally for the

Q3(3, =) =R(3, =) + ymax, Qf (3,a)

39



States and one special Rewards:
transition: 2K

E Q} (s, a): the value for

1 2 30000

starting in state s,

take action a, for one step

200 g0 || 00 1

o act optimally thereafter for the remaining (h — 1) steps

Let's consider Q5(6, —)

10

0.9

1.9

| 928

« receive R(6, —)

10 0 -10 10 -19

o act optimally at the next state s’ = 6

receive max, Q3 (6,a’)

Q3(6, =) = R(6, =) + v[maxy Q7 (6,a’)]
= ~10+.9 x —10 = —19



E Q} (s, a): the value for

« starting in state s,

take action a, for one step

-10 ‘:::-::

T
" 10

-10

“ 0.9

L9

1.9

o

-10 \t::-::

| e.28

19

Sa0

0

w0 | o

o

o

)

. o

act optimally thereafter for the remaining (h — 1) steps

States and one special

transition:

.. 480%

6

Let's consider Q3(6, 1)

o receive R(6, 1)
o act optimally at the next state s’

 20% chance, s’ = 2, act optimally,

get max, Q7 (2,a’)

 80% chance, s’ = 3, act optimally,

get max, QF (3,a’)

Q3(6, 1) =R(6, 1) + 7[-2maxy Q] (2,a") + .8 maxy Q7 (3,4a’)]

10+ .9[.2x 0+ .8 x 1] = —9.28




i‘? Q} (s, a): the value for

« starting in state s,

take action a, for one step

o act optimally thereafter for the remaining (h — 1) steps

y )

1.9

-10 ‘:::-::

| 928

o190

-10

o

081 | 0 i L71 |1.81 -

o .|~ o8 | 27
“2m

o | .7 o | 735

o |~ o081 | 847

10 0 -18.35

o | 7 0 | a0 -

0

e o o | o

S0 e e 835

)

e | 0 | 0

States and one special

transition:

.. 480%

6

Let's consider Q%(6, 1)

o receive R(6, 1)

o act optimally at the next state s’

« 20% chance, s’ =2, act optimally,

get max, Q3 (2,a’)

« 80% chance, s’ = 3, act optimally,

get max, Q3 (3,a’)

Q3(6,7) =R(6, 1) + v[-2max, Q) (2,d') + .8 max, Q3 (3,a’)]
10+ .9[.2 x 0.9 + .8 x 1.9] = —8.47




Value iteration: what we just did, iteratively invoke

Q; (s,a) =R(s,a) +v)_, T(s,a,s)maxy Q;_, (s',a’)

Value Iteration

l.forse S,a e A:

2. Qold (S, a) = 0
3. while True:
4 forseS,ac A:

and break, then the ‘
{5  Qu@a L) 7 Ty (s, may Qua (TS
6.

if max; , |Qod (8;2) — Qnew (5, A€~

- { 7. return Q.
* (S,CL) 8. C>2old — Qnew

if run this block h times

returns are exactly Q7
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Optimal policy easily extracted: (& 7 »(s) = argmax, Q; (s, a)

e.g. the best actions to take in state 5

Qy(s, a)

Qz(s, a)

o

(s,0)

o | o

Qi(s; a)

0

0.9

L9 7

1.9

7 0.81

| o1

!

S /R

181 - 271

< 735 .

7.29 -

129

"~ 81

" 6.56

7.29

o8l

7,29

9.1 7 10

7 .0.06 .

-10

-10

-10

-10

-10

T 028 7

-19

-10

| o817

" .8.35

847

10 2 -18.35

6.56

120

" 7.29

" 59

6.56

- R

~-1.06

- 6.56

.o-118

-2.71 7 -11.06

N

| 835

59 -

6.56 .

" 6.56

" 59

5.9 ‘:j:-:

o729 |

" 5.9

" 6.56

6.56 - 5.9

" 59

S -106

« For finite h, optimal policy 7} depends on how many time steps are left

« When h — oo, time no longer matters, i.e., there exists a stationary 7*
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Summary

« Markov decision processes (MDP) are a nice mathematical framework for making
sequential decisions. It's the foundation to reinforcement learning.

« An MDP is defined by a five-tuple, and the goal is to find an optimal policy that
leads to high expected cumulative discounted rewards.

« To evaluate how good a given policy « is, we can calculate V™ (s) via

= the summation-over-rewards definition

= Bellman recursion for finite horizon and Bellman equation for infinite horizon

« To find an optimal policy, we can recursively find Q*(s, a) via the value iteration

algorithm, and then act greedily w.r.t. the Q* values.
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We'd love to hear
your thoughts.

Thanks!
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https://forms.gle/6snt5oZgS1N9nZY78

