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6.390 topics in order: > i o ML
e Regression and Regularization
e Gradient Descent

e Linear Classification

e Markov Decision Processes

e Reinforcement Learning

e Non-parametric Models



Recall week 1:

 Terminologies:

training data features label  hypothesis hypothesis class loss function  parameters

regression  training error test data  classification @ supervised learning @ test error

« Ordinary least squares regression:

_ 1 T
= matrix-vector form objective J(0) = n (X60-Y) (X60-Y)

1
» closed-form solution 0* = (X X ) X'y



o energy used y
training data

A
City Features Label
Temperature Population |Energy Used @
Chicago 1 0 2 ®
New York 0 1 3 O
Boston 1 1 5
N ~ AV \
d 1 population x;
temperature x;
Assemble in matrix-vector form:
features label
1 0 2
x—lo 1 c R3x2 Y — |3 c R3x1
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learning algorithm

T € R
Regression v
Dirain  —» Algorithm — |h hypothesis
i)
geR

What do we want from the algorithm?

A good way to label new features, i.e. a good hypothesis.



The "good"ness depends on human choices, even before the algorithm does anything

w ©
hypothesis class T € R¢
loss function i
Divain — N
Regression |

Algorithm




Ordinary least squares regression

Dtrain %

s‘/-
IS

linear hypothesis class

squared loss function

Regression

Algorithm




Linear hypothesis class:

energy used y

- N
L1
L2
h(0;z) = 6, 0, 0.4
| L4 |
— 0 x
parameters features \

population x;
temperature x;

see recitations/labs for how to
handle the offset 6,




Squared loss:

City Features Label energy used y
Temperature Population |Energy Used 4\
Chicago 1 0 2
New York 0 1 3 n=3
Boston 1 1 5
@
1 0 2 : ®
X=10 1 Y =13 A /o)
1 1 5 O
‘o/\
for a given data set, training error only population x,

temperature x;
depends on the parameter

J(0) =

o=

[(91-1+92-O—2)2+(91.0_|_92.1_3)2_|_(91.1+92.1_5)2}



MSE written in matrix-vector form: J(0) = %(X 0 — Y)T(X 0-Y)

energy used y J(0)
. ~1
1 0 t 9 n=3 *=(X"'X) X'Y
X=10 1 Y =13
1 1 5
®
E ®
o o)
@

7 \ A
population x; ./ © e

6>

temperature x;

J(H): [(911+920—2)2+(910+921—3)2+(911—1—921—5)2}

Wl
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https:/ / shenshen.mit.edu/demos/ridge / d2-unique-solution.html



https://shenshen.mit.edu/demos/ridge/d2-unique-solution.html
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The beauty of

9*

(XTX) ' XY

Palermo d. 1 Jan. 1801 von Prol, Piazzi nen eatdeckten Gefiirns.

Beobachtungen des zu

! Mittlere | Gerade |[GeradeAuf- Nordl. Geocentri= |Geocentr. O1t der Sonne Logar.
1801 | Sonnen- |Auffteig. in| [eigung | Abweich, | [che Linge | Bueite w-"20" d. Diftanz

Zeit Zeit in Graden Abarration ® &

s‘ [ ] St . ] n “ o ] ] Z ° ) " o ’ '] Z o ] ]

Jan. 1|8 43 17.8/3 27 11,25 51 47 48,8(15 37 43,5 |1 23 22 58,3{3 6 42,1 9 IT 1 30,9(9,9926156
218 39 4.6|3 26 53.85,51 43 27,8/15 41 5,5 |1 23 19 44,33 2 24 9] 9.12--2 28,6!9, 9926317
318 34 53.3]3 26 38,4::(51 39 36,015 44 31,6 |1 23 16 58,6/2 58 9,9] 9 13 3 26, 6|9, 9926324
418 30 42,113 26 23, 15{51 35 47,3(15 47 576 |1 23 14 15,5]2 53 55,61 9 14 4 24, 9|9, 9926418
10|8 6 15.8|3 25 32, 1:[51 23 1,5/16 ¥o 32,0 |1 23 7 59,1|2 20 ©,6] 9 20 10 17,59, 9927641

118 2 17,503 25 20,7351 22 26,0 - - e oo v o e fae e [t e O SR
13|7 54 26.2{3 25 30, 30[51 22 34,5/16 22 49,5 |1 23 10 37,6(2 16 59:7| 9 23 12 13, §|9; 9928490
14| 50 31.7|3 25 31, 72|51 22 55:8!16 27 5,7 |1°23 12 1,2[2 12 56,7| 9 24 13, 5{9, 9928809

"7 O U LR st oo BIEO 40 1300 | win B B e o e oa. (AR

1 ‘ 11.313 25 55, =[51 28 45:0) « - « ce v ol i e b e s e el .. b SRS e
Igg[ g? 28,§ 326 8.15/51 32 2,3{16 49 16,1 |1-23 25 59,2/1 53 38, 2| 9 29 19 53,8 9,99306?7
21|7 24 2.7|3 26 34,27|51 38 34: 116 58 359 |1 23 34 21,3{1:46 6,0/I0 1 20 z}o,3 9,99§14a4
! 22|7 20 21,7|3 26 49, 42|51 42 21,3{17 3 18,5 |1 23 39 I,8|I 42 28, I{Io 2 21 32,0 9,99‘31586
: 23|7 16 43,5|3 27 6,90{51 46 43,517 8 5.5 |1-23 44 15,7|1 38 52,110 3 22 22,719,9932348
2816 58 51.3'3 28 54- 55152 13 38, 3{17 32 54, F |1 24 15 15,7(L 21 6,910 8 26 20,1 9,999‘5??2
3016 51 52,9*3 29 48, 14|52 27 2,1|17 43 1L,0 11 24 30 9,01 14 16,0!10 10 27 46,2 9,99?6332
31,6 48 25.4|3 30 17,25[52 34 18,817 48 2L,5 |1.24 3 7,3 1 10 54, 6{10 11 28 28, 5/9: 992700:[
Febr. 1{6 44 59:9]3 30 47:2::[52 41 48.0[17 53 36:5 |1 24 46 19,3{1 7 30,9|I0 12 29 0,6y, 9937793
216 41 35.8[3 31 19,0652 49 45, 9|17 58 575 |1 24 54 57,9 1 4 10,5/10 13 29 49, 9|9 9938423
56 31 31,5|3 33 2:70|53 15 40.5|18 15 L0 |I 25 22 43,4 O 54 28, 9|10 16 31 45,5 9,994?751
8.6 21 39.2(3 34 58, 50|53 44 37-5/18 3L 23,2 |1 25 53 20,50 45 50|10 19 33 33.3 9: 9943276
1116 11 58,213 37 6,54'54 16 38 2118 4753, 8 I 26 26 40,0'0 36 2,9110 22 35 I} 4199945823

Still a strong baseline in this era of deep learning and agentic Al

Bis

THEORIA

MOTVS CORPORVM
COELESTIVM

IN

SECTIONIBVS CONICIS SOLEM AMBIENTIVM

AVCTORE

CAROLO FRIDERICO GAVSS

HAMBYRGY sVMTIBYS Frip. Perrres BT I. H, BEssER
1809.

Venditur
Panrsixs ap. Treuttel & Wiirtz.
SrockBmOoLM1AE ap. A, Wiborg.
Maiprizr ap. Sancha.

Loxpixrap. R. H Evans.
Perrororr ap. Klostermann.
Fromexrrae ap. Molini, Landi & C*

AxsTELODAMI in libraria: Kunst-ynd Industrie - Comptoir, dicta.
Bl 1—“‘7\
AVIA

DL TR A

Primary source: Gauss,
Theoria motus (1809).
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The beauty of (8% (XCTX) TXTY

Jane street shirt

why does the shirt formula look different?

shirt formula assumes one-dimensional feature
13



1
The beauty of 0" = (XTX) X'y

e We solve it in closed form, so it never feels like training.
o This is a rare case where we get a clean, general solution with a theoretical
guarantee.

« When well-defined, 6* is the unique minimizer of J(6).

energy used y J(0)
N

®
E ®
@ ° °
. =
population x; ‘/ 0,

temperature x; 0,



Outline

e The "trouble" with the closed-form solution
= visually, practically, mathematically

» Regularization and ridge regression
= )\, a hyperparameter

e Validation and cross-validation

15



https:/ / shenshen.mit.edu/demos/ridge /n-less-d-interactive.html?embed



https://shenshen.mit.edu/demos/ridge/n-less-d-interactive.html?embed

https:/ / shenshen.mit.edu/demos/ridge/ collinear-interactive.html?embed



https://shenshen.mit.edu/demos/ridge/collinear-interactive.html?embed

data

energy used<

e.g. temp °F/°C,
age /birth_year, ...

optimal solution oo many optimal 6*
closed-form formula 0* = (X'X) ' X7Y not well-undefined

(b) linearly-dependent features (collinear):

18



mathematically, formula not well-defined when:

(XTX) is singular A
X is not full column rank =

______________

demo (a)

n < d: 1 sample, 2 features

o[- §

______________________________________________________________________________________________________

______________________________________________________________________________________________________

demo (b)
collinear: z» = 1.5
o o
2 4 6 56 84
Ty _
XX_[S69]§S[84 126]

https:/ / github.com / kenjihiranabe / The-Art-of-Linear-Algebra
https:/ / www.3bluelbrown.com/topics/linear-algebra "


https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra
https://www.3blue1brown.com/topics/linear-algebra

When X is not full column rank Typically, X is full column rank
 J(0) has a "flat" bottom « J(0) "curves up" everywhere
e That formula is not well-defined <~ ¢ 0 = (X'X) xTy
o Infinitely many optimal hyperplanes « unique optimal hyperplane

X ' X singular X' X "invertibility"

(the formula isn't wrong; data is trouble-making ©2)

20



When X ' X is almost singular: 6* = (X' X)) ' XTY technically is well-defined

e.g., single 1d data point (z,y) e.g,

formula simplifies to 8* = £ :
9
~1
1
61 2

>\
110——(0.0002, 1)
00.0 0.5 1.0
X

—4.00006 |
—2.00004
2.00004

4.00006 |

formula gives 6* ~ [

(1.8
1.2
1.2

| 1.8

—60000
30000

S

47

Y of

10* || = 67,082

4 2

X1

if the 2nd feature changes by 0.1, prediction changes 3000

6* tends to have huge magnitude and very sensitive to the data

21



meanwhile, lots of other s fit the training data very well too

22


https://shenshen.mit.edu/demos/ridge/ill-conditioned-two-planes.html

when X' X is almost singular

0 = (X'X) ' XY technically exists and is the unique optimal
6* tends to have huge magnitude and very sensitive to the data

6* tends to overly cater to the training data --- overfitting

lots of other s fit the training data very well too

23



Outline

e The "trouble" with the closed-form solution

» Regularization and ridge regression
= ), a hyperparameter

e Validation and cross-validation

24



Ridge regularization

for the given training data set (so X,Y, n are constants) and a given A > 0:

1
Tasee(6) = (X6~ ¥)T (X6~ V) + A
. -~ 7/ N’
MSE penalty
(on training data) (on parameter magnitude)
still searching for A controls how heavily we penalize

parameters ¢ magnitude relative to MSE

25



https:/ / shenshen.mit.edu/demos/ridge/ridge-lambda-taste.html?embed



https://shenshen.mit.edu/demos/ridge/ridge-lambda-taste.html?embed

Ridge objective Jridge(0) = %(XH —Y) (X0 -Y)+ 0|

N——

penalty
(on parameter magnitude)

How does )\ affect the learned 6?

e A =0?
e \ = 1000?
e A= —100?

Ridge solution  G% 3. = (XTX + n)\I)_l X'Y

« No penalty — reduces to MSE
« Huge penalty — forces 6 ~ 0

» Rewards large  — counter-productive! !

alleviates overfitting by sacrificing MSE

2. for A > 0: 6%

ridge

1. this is why we require A > 0

always exists and is unique




A is a hyperparameter

w Q@
Rd
« hypothesis class Te
e loss function 1
 hyperparameter
Dtrain % PP % h
Regression 1
Algorithm geR

« affects learning outcome, and not learned by minimizing the training error
« we already saw a hyperparameter (the number of random regressor in lab1)

28



Outline

e The "trouble" with the closed-form solution

e Regularization and ridge regression
= )\, a hyperparameter

e Validation and cross-validation

29



We need to choose hyperparameters (like )

1. Hold-out some data

2. For a fixed \:

o Use Dy,.iy to train a h,

e Use D,.; on h) for that \'s evaluation error

3. Repeat step 2 for a bunch of A candidates, keep track of their evaluation errors

4. pick the A candidate that led to the lowest evaluation error

30



’ s }
. © )
0

e linear hypothesis
« ridge objective
e afixed A

Regression

Algorithm

for each A:
train on Dyp.i, With A
compute Eya1(A) on Dy,

return \* = arg min) Eval(\)

gva,l ()\)

31



train: 2=0.1
141 @ training
12 1

10 1

validate:

2=0.1, validation error =0.64
141 @ held out
12 4

10' 1

10

X

A = 1"wins" as \*,

10

A=1 A=10
141 traini 147 traini
(] aining ® L aining ®
12 1
(]
10 1
y ¥
. )
4
°® ®
2 4
]
O 4
0 2 4 6 8 lb 0 2 4 6 8 10
X X
A=1, validation error =0.39 A=10, validation error =1.98
144 @ heldout 144 @ heldout
124 12 4
10 1
]
y ¥
6 -
4 N
2 4
0 0
0 2 4 6 8 10 (I) 2 4 6 8 10

X

using all 10 data points




K -fold cross-validation

e.g., 5-fold, and 3 A candidates:

for each \ € {0.1,1,10}:

D, | o, | s | | o
fori=1,...,5:
D, | 2, | . | p, | D
train h; on D \ D; with A
p, | o, | 2y | ., | o
E; = error on D;
p, | D, | », | 2, | s
Eva(N) =(&1+---+&)/5
D, | o, | s | p, | D

return \* = arg miny Ea(\)
5va1()\) = (51 + &+ E+ &4+ 55)/5

How many hypotheses trained in this example to pick A*?

33



fold 2

validate:

A=0.1

Ea=12&=152

fold 3: &=2.41

fold 1: £ =0.79

fold 2: £=0.87

fold 1

fold 2

2 4 6

fold 4: &4=1.89

2 4 6

fold 5. &=1.63

A=1

Ea=12&=172

fold 3: £&3=1.47

fold 1: £=1.50 fold 2: £ =1.63
10 10
D
5 / 5
@ ole
2 i 6 8 2 i 6

fold 4: &4=1.77

fold 5: &=2.20

A = 0.1 "wins" as A\,

A=10

Eval :;*,Z £=06.70

fold 3: £=2.93

10

fold 1: £,=8.08

10

fold 2: & =841

fold 4: £,=4.78

using all 10 data points




Summary

full column rank ' singular regularization  ridge regression  overfitting

hyperparameter validation data cross-validation ~ K-fold

« When X ' X is singular, OLS has multiple minimizers.

« When X ' X is nearly singular (ill-conditioned), fitted parameters and predictions are

sensitive to small changes in data.

Regularization combats overfitting by penalizing large 6.

Ridge regression adds \||6||? to the objective — still has a closed-form solution.

A is a hyperparameter that trades off fit vs. regularization.

Validation and cross-validation provide principled ways to choose .
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