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Recall:

<0
hypothesis class
loss function

hyperparameters

Regression

Algorithm

T
Q <— 3| 8

"Learn" a model —

train, optimize, tune, adapt ...
adjust/update/find 6
gradient-based

c R¢

regressor

cR

"Use" a model

predict, test, evaluate, infer ...

plug in the 6 found

no gradients involved



Today:

h classifier

%

Classification
€ a discrete set

Q

Algorithm

10,1}
&, _é_@}

{"good", "better", "best", ...}

mnn

{"fish", "grizzly", "chameleon”, ...}



Outline

1. Linear (binary) classifiers

- to use: separator, normal vector

e to learn: no gradient to follow

2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers



linear binary classifier

features r ¢ R?
label | yeR y € {0,1}
parameters | fcR: 0, cR
linear combo 'z +6, ==z
1 ifz >0
predict | g=2z g =
0 otherwise
E g=z-1 E g = step(z — 1)
eg,0=1,0=-1 E | | 12 /,; E 1t
T
| 172 i
4 -2 2 4

Today, z stands for Tz + 6y.



https:/ / shenshen.mit.edu/demos/ classification /separator.html



https://shenshen.mit.edu/demos/classification/separator.html

Outline

1. Linear (binary) classifiers

e to use: separator, normal vector

» to learn: no gradient to follow

2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers



e To learn a model, we need a loss function.

e One natural loss choice:

g = step (z) = step (HT:B + HO) Y

.................................................................................................................

) = 0 if guvess = laﬁel
Y9=1 1 otherwise

« Very intuitive and easy to evaluate &

Loi(g,y) =0

Loi(g,y) =0

........

Loi(g,y) =0

A > < Lo(g,y) =1



Jo1(0) is very hard to optimize (NP-hard) @2

o "Flat" almost everywhere (zero gradient VgJ1(0))

 "Jumps" elsewhere (no gradient)



https://shenshen.mit.edu/demos/classification/ols-01-lr.html?models=ols,01

. linear regressor . linear binary classifier

features
label | '

parameters
linear combo

predicti g==z g = 1 ifz>0 g is "flat" and

i | 0 otherwise discrete in 6

0 ifg=uy Lo1(g,v) is "flat"

: — — )2 : — )
loss £{g:y) Lsquarea = (9~ 9) Lor { 1 otherwise and discrete in g

optimize! .« closed-form formula | training error almost "flat" w.r.t. 8, so the
method | ¢ gradient descent - gradient gives very little info
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Outline

1. Linear (binary) classifiers

2. Linear logistic (binary) classifiers

» to use: sigmoid

- to learn: negative log-likelihood loss

3. Linear multi-class classifiers
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e e e e e e e e e e e e o o e

linear logistic binary classifier

[

1 ifo (Z) > 0.9 o(2): confidence, or estimated
probability that z belongs to

0 otherwise the positive class
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.« 0, 0y can flip, squeeze, expand, or
shift o(6z + 6y) horizontally
e 0(z) is monotonic and has a tidy
. gradient (derived in hw/lab) '
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https://shenshen.mit.edu/demos/classification/step_sigmoid.html

linear logistic binary classifier
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Outline

1. Linear (binary) classifiers

2. Linear logistic (binary) classifiers

e to use: sigmoid

- to learn: negative log-likelihood loss

3. Linear multi-class classifiers
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One training point, label y = 1 A smooth loss £(g,y) that shrinks as g nears y?

-
temperature x .
negative log _
Enll (ga 1) = logl

Lu(g,1) = —logg

51
@
4 +
T 3+ @
24
@3
0 : e Y
T 0 0.2 0.4 0.6 0.8 1
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One training point, label y = 0

temperature x

g = o0z + 6))

1 — g: the model's estimated probability that x

belongs to the negative class.

h

L(g,0) :

Lo(g,0) = —log(l — g)

0.2

0.4

0.6

0.8

—
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https:/ / shenshen.mit.edu/demos/ classification /nll.html



https://shenshen.mit.edu/demos/classification/nll.html

Because the true label y is0 or 1,

L (9,y) = { B }gig)_ 9) iiz _ o & —lylogg+ (1 —y)log(l - g)]

e« Wheny =1: —vlogg + | =—logg
e Wheny =0: — | + log(1—g)] = —[log (1 —g)]
Read as: ) (true label for class k) - — log(estimated probability of class k).

Since y € {0,1}, only the true class's term survives.
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linear logistic binary classifier

features z € R
label y € {0,1}
parameters 0 cR%0,cR
linear combo 0Tz + 6, = 2
predicti 1 ifg=o0(z)>0.5
| 0 otherwise
5 o —log(g) ify =1
loss sl —log(l—g) ify=
& —[ylogg + (1 —y)log(1l—g)]
optimize via gradient descent

21



https:/ /shenshen.mit.edu/demos/ classification/ 0ls-01-lr.htmI?models=01,Ir&embed



https://shenshen.mit.edu/demos/classification/ols-01-lr.html?models=01,lr&embed

One training point, x = 1, label y =1

o If the data set is linearly separable, the logistic loss has no finite minimizing 6.
-« In theory, § grows without bound, so the model gets overconfident.
.« Itis common to add a ridge penalty \||0]]°.

e eteteseerenraseteseasensareseseasensatasenetetateseneesasteseaneneasatesnaeensaeasesesen Tobeeanet oot ataseaneeeasatase anearatesbentaseeeanaatataseeeeeas et seeeneasateseneatasatesesensatateseaseastaseeeneasatese e eneasateseseeneatateseaneasatasesnaseasataseeeneasaeeseneneasareseaneenaranas 23!


https://shenshen.mit.edu/demos/classification/nlloverfit.html

Outline

1. Linear (binary) classifiers
2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers

» to use: softmax

» to learn: one-hot encoding, cross-entropy loss

24





https://s3.amazonaws.com/media-p.slid.es/imports/1146306/mhRwLxA5/b445fa5749d5b4a4d7e9819b50a95eae.mp4

for two classes, {hotdog, not_hotdog}, one scalar logit z suffices

0 c R0, cR sigmoid o(2) : estimated

T normalizing probability that x

: belongs to hotdog
| 0Tz + 6, (squashing)
% > z€ R

raw score 1 — o(2) : estimated

forhotdog T probability that x
belongs to not_hotdog

Vv
Q
—~~
AW
N
M
~—~~
=
e
~

implicitly
determines

for K > 2 classes, one scalar z no longer suffices, so we use K logits, one per class
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for K classes, use K logit scores.

e.g. K = 3: {hotdog, pizza, veggie}

6 c R*E g, c RE . -
estimated probability that

z belongs to hotdog

L normalizing

o'z + 6, (squashing)
% > 2 c R3 > o ... to pizza

in general K logits

one raw score per class ... to veggqie

softmax(z) € R*

27



softmax: K logits to a distribution over K classes R"* —R*

exp(z1)
le exp(z)

softmax(z) := f D ~._outputs lie in (0, 1)

exp(2x) and sum to 1

- Zf:l eXp(zk) _

e.g.
- a1 _
1] el +e2+e3 0.0900
2
3. g 0.6653
/ L eTre?Ted _ TN
max among the K logits "soft" max: the largest logit

gets the largest probability

28



sigmoid R —R , softmax: RE — RE

| _exp(z1)
1 i K exp(z
o(z) = — exp(2) | s )
1 + exp(—=z) exp(z) + exp(0) softmax(z) :=
implicit logit for the negative class Zz?Xpéig()Zk)
— /7 k=1 -

predict positive if o(z) > 0.5 = ¢(0)

. predict the class with the largest softmax score

unifying rule: predict the class with the largest logit (= largest softmax score)



linear logistic one-out-of-K

binary classifier classifier
features
parameters 0 c RUE g, c RE
_________________________ S
linear combo 0Tz +0) =2 cRE
~ exp(z1) ]
Zé{ 1 exp(zx)
- o(2) exp(2) softmax(z) =
o exp(0) + exp(z)
predict
: exp(zk)
| YK | exp(z)

Epredict positive if o(z) > ¢(0) predict the class with the largest
’ . softmax score

30



Outline

1. Linear (binary) classifiers
2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers

e to use: softmax

» to learn: one-hot encoding, cross-entropy loss

31



One-hot encoding;:

 Generalizes the binary labels {0, 1}

« Encodes the K classes as an R* vector, with a single one (hot) and zeros elsewhere

Training data

£ Y

Training data

( & , "hotdog")

( /-g , 'pizza" )

(8

( @ , "veggie" )

( W, '"veggie")

( .

(

( 9,

_ OOl kR OO Ok, O OO

in general, for K classes:
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Negative log-likelihood multi-class loss (also called cross-entropy)

g : softmax output gx : estimated probability that x belongs to class &

\
\
Vv

K i
£nllm(ga y) — Z Yk - log (gk)
A~ k=1

N\
|

y : one-hot encoding label \ Yy : kth entry in y, either 0 or 1

 Generalizes the binary negative log-likelihood loss

Lan(g,y) = —[ylogg + (1 —y)log (1 — g)]

e Only the true class's term survives the K-term sum, since every other y; = 0

33



end-to-end pipeline

current prediction
g = softmax(z)

hot dog

pizza

veggie

0 1

— (0.1, 0.2, 0.7]

— log

—log(g)

hot dog
pizza

veggie

0 o

~ [2.30, 1.61, 0.36]

To reduce the 10ss, ghotaog N€EdS to go up.

y (true label) Loim = — Z Y - log(gx)
k

. T
P1zza Loss
veggie
0 1 0 o
=[1, 0, 0] Loss ~ 2.30

That signal flows smoothly back to 6 through —log and softmax, so gradient descent can train 6.

contrived predictions
34



end-to-end pipeline

current prediction
g = softmax(z)

hot dog

pizza

veggie

0 1

= (0.5, 0.4, 0.1]

— log

—log(g)

hot dog
pizza

veggie

0 o

~ [0.69, 0.92, 2.30]

©

y (true label)

pizza

veggie

0 1

=[1, 0, O]

Enllm

= - yi-log(gr)
k

hot dog“

L\T:JOSS
0 =
Loss ~ 0.69

contrived predictions
35



Summary
Ln(9,y) = —[ylogg + (1 —y) log(1 — g)],
Linear (binary) classifiers

separator normal vector @ 0-1loss

Linear logistic (binary) classifiers

g=o0c(0Tz+6))

sigmoid ' logit negative log-likelihood ' linearly separable

Linear multi-class classifiers

softmax ' one-hot encoding ' cross-entropy

36



Summary

e Linear (binary) classifiers
= to use: predict 1 when z = 07z + 6y > 0; the separator z = 0 is a hyperplane with normal 6.
= to learn: the 0-1 loss is flat in 6, so there is no gradient to follow.
» Linear logistic (binary) classifiers
= to use: g = o(z) is a probability, and g > 0.5 exactly when z > 0, so the separator stays linear.
= to learn: the negative log-likelihood is smooth, so gradient descent works; on separable data,
a ridge penalty keeps 0 finite.
e Linear multi-class classifiers
= to use: softmax turns one score per class into a distribution; sigmoid is its two-class case.

= to learn: one-hot labels and the cross-entropy loss, — log of the true class's probability.
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