https:/ /introml.mit.edu

6.3

90 Intro to Machine Learning

Lecture 5: Features and Neural Networks I

Shen Shen
Oct 5, 2026
2:30pm, Room 10-250

Slides and Lecture Recording


https://introml.mit.edu/
https://introml.mit.edu/fall26/lectures/lec05

Recall

'72K)

multi-class

softmax(zy, ..

g:

logistic

step(z)

g:




The
y @ny

The Nav
today th:
reproduc

(J 1.2K

The New York Times
@nytimes - 2h

The Navy revealed the embryo of an electronic computer
today that it expects will be able to walk, talk, see, write,
reproduce itself and be conscious of its existence.
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NEW NAVY DEVICE |

LEARNS BY DOING

Psychologist Shows Embryo’

of Computer Designed to
Read and Grow Wiser

WASHINGTON, July.- T (UPI)
—The Navy revealed the em-
bryo of an electronic computer
today that it expects will be
abla to walk, talk, see, write,
reproduce itself and be  con-

scious of its existence,

The embryo—the eather
Bureau's $2,000,000 “T04" com-
puter—learned to dlfferentlnte
between right and left after|
fifty aftempts in the Navy's
demonstration for newsmen,,

The service said it would use
this principle to build the first
of its Perceptron thinking ma-
chines that will be able to read
and write, It is expected to be
finished in about a Yyear at a
cost of $100,000.

Dr. Frank HRosenblatt, de-
'sig'ner of the Perceptran, con-
ducted the demonstration, He
said -the machine would be the
first device to think as the hu-
man brain. As do human be-

Q 21K i 2.3M

ings, Perceptron will make mis-
takeg at first, but will grow
wiser as it gains exper:ence, he
said,

Dr: Rosenblatt, a research
psychologist at the -Cornell
Aeronautical Laboratory, Buf-
falo, said Perceptrons might be
fired to the planets as mechani-
cal space explorers.

Withont Human Controls -

The Navy said the perceptron|
would be the- first non-lwing|
mechanism “capable of receiv-|
ing and iden n

ic computer

1958 New York

Times...

In today's demonstration, the
“T04" was fed two cards, one
with squares marked on the left
side and the other with squares
on the right side.

Learns by Doing

In the first fifty trials, the
machine made no distinction be-

ciple
"buil ns

duce themselves on an assembly
line and which would be con-
scious of their existence,

WASI{DUGTDN July. 7 (UPI)
—The Navy revealed the em-
bryo of an electronic computer
today that it expects will be
1able to walk, talk, see, write,
reproduce itself and be con-
scious of its existence,
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cells, includmg 100,000,000 con-
nections with the eyes,




Linear classification helped kick off the first wave of Al enthusiasm.
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http://www.ecse.rpi.edu/homepages/nagy/PDF_chrono/

2011 _Nagy Pace FR.pdf. Photo by George Nagy
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Expanded Edition

~25 years
< >
PDP book,
1986
Perceptrons .
Krizhevsky,
Sutskever,
Hinton, 2012
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Seymour A. Papert
% Minsky and Al winter,
Papert, 1969 2000
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XOR dataset
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Not linearly separable.
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Linear tools cannot, by themselves, solve interesting tasks.
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Outline

 Systematic feature transformations

= Engineered features
= Polynomial features

= Expressive power

e Neural networks



original
features
r c RY

nonlinear

transformation

¢
—
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$(x) € R?

nonlinear in x

linear in ¢
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0101(z) + O202(z) + -+ + Oy da ()
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Not linearly separable in x space

N4

~3 9 1 0 1 9 3 4 5 6 7 8 9
T
transform via
o(z) = 2’
| | | | | | | | | | N
_3 —9 1 0 1 9 3 4 5 6 7 8 9
o(x)

Linearly separable in ¢(z) =

z? space
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Separable by a nonlinear rule in x space, e.g. predict positive if z > 3

transform via

$(z) = 2

\ 4

Linearly separable in ¢(z) = z? space, e.g. predict positive if ¢ > 3



data and classifier in  space = =7 + 27 — 10, threshold at 2 =0 22 + 22 = 10: nonlinear in z
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nonlinear regression
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systematic construction of polynomial features

d =1, features: x; d = 2, features: x1, x>
1 1
| 1z,
1 i az% 1 T1, X2 w%, T2, az%
N e e 1 1, x> 3, T1T2, T2 T3, Timo, T1TE, T3

number of features d’ (d i k); d=2, k=3gives 10

k

« The basis holds every monomial of the original features with total degree up to k

» Fixing d and k fixes the basis.
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e n = 9 data points, each with feature z € R and label y € R
« data generated from green dashed curve

k=1

25 4

20+
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Learn 2 parameters — degree-1
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10 ~

5 6 7 8 9 10
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Learn 3 parameters — degree-2
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Underfitting
k=1

25 A

20 A

15

10 A

4 5 6 7 8 9

high error on train set
high error on test set
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Appropriate model Overfitting

25 A

20 A

154

10 4

4 > 6 7 8 2 10 4 5 6 7 8 9 10

low error on train set
high error on test set

low error on train set
low error on test set

e k:ahyperparameter that determines the capacity (expressiveness) of the hypothesis class.

« Models with many rich features and free parameters tend to have high capacity but also greater risk

of overfitting.

o« How to choose k? Validation/ cross-validation.
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Previously:

{ (m(i), y(i)) }
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today, so far:

<0
feature
transformation ¢(z)

can we automate ;?

i.e. fold it into the learning algorithm?
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Linear
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neural networks:

the nonlinearity ¢ is learned, not hand-designed

Nonlinear

Learning Algorithm

Q<> 8
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Something to think about:

What fixed transformation ¢ can make this decision boundary in z space?

21



Outline

» Systematic feature transformations

e Neural networks

= Terminology

= Design choices

< heads-up:

all neural network diagrams focus on a single data point 2



~25 years ~25 years

< > < > AN
Perceptrons, PDP book,

. A 1958 1986
enthusiasm A

| PARALLEL DISTRIBUTED } ,
PROCESSING s Krizhevsky,
Sutskever,

Hinton, 2012

DAVID E.RUMELHART, JAMES L. MoCLELLAND,

Paper‘t, . AND THE PDP RESEARCH‘GROUP | 0
" B3N QT2 T 1 YO pa’ >
1960 1970 1980 1990 2000 2010 2020 time

Outlined the fundamental concepts of neural networks:

e Nonlinear feature transformation
expressiveness

layered « Composing simple nonlinearities amplifies this effect

structure « Backpropagation efficient learning
23



Neurons and the brain

Post-neuron

(a)

Pre-neuron
A/Pre-synaptic spike

--.-_-__-_-_‘-h

dendrites .

.. X output
We abstract this i : » o) —>
simple mathe s y
WS LR activation
9 function

h Im C addition

inputs weights



o Nonlinear feature transformation transform via ¢ ([z1;z2]) = [|z1 — x2]]

¢ ([z1522]) = [|[z1 — 22|] = 2.5 —4_4 T1

importantly, linear in ¢, nonlinear in z

25



 "Composing" simple transformations
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— o(bxy — 5 1
o1 = o(5z z2 +1)  "Composing" simple transformations
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https://shenshen.mit.edu/demos/2layers.html?embed=sigmoid

_331_
),
€Tr — _)Z T > a:f(Z)
=W x T
= f(w )
Ld

z: d-dimensional input

w: weights (i.e. parameters)
z: pre-activation output

f: activation function

a: post-activation output

w: what the algorithm learns

z: scalar

)
f: what we engineers choose

2

a: scalar

29



e.g. linear regressor represented as a computation graph

Choose activation f(z) = z

30



e.g. linear logistic classifier represented as a computation graph

Choose activation f(z) = o(2)

31



@ @ e (# of neurons) = layer's output dimension.
VA ay
e activations apply element-wise, so z; doesn't
@ C : affect ay (softmax in the output layer is the
L1 % ao
24 common exception).
» all neurons in a layer typically share the same f

(mixed f is possible but complicates the math).
« layers are typically fully connected: each input
o m z; influences every a;.

32



A (fully-connected, feed-forward) neural network:

- Engineers choose:
e activation f in each layer
 # of layers

activations o # of neurons in each layer

33



o1 = 0(5x; — 5z + 1)

0.8 7

09 — 0-(_5.’[,’1 +5CE2 _|_ 1)
o

0.8 7

2 %9,

;1"3-0—2.0 1.5 -1.0

gs 00 05 10 15 20
x1

recall

some appropriately
Weighted sum

this example

e - ]
IR W \I\LL
LA e | 0
— I~
T ~
il
)
0.0
) _0_%_.(%5 0o s o 2.0
=S I0RID P | R PO Sl

34



can be represented as:

f(+) identity function




e.g. forward pass of a linear regressor

Tq Wi
xgz) W9
w(’l,) — _>Z > f( ) g
= wlz — 5
wg) Wy

A4

e Activation f is chosen as the identity function
o Evaluate the loss £ = (g — y¥))?

« Repeat for each data point, average the n individual losses

A4

L(g,y)

,Y)

36



e.g. forward pass of a linear logistic classifier

Tq Wi
xgz) W9
MO — 2z A ()
= wlz
wg) Wy

A4

e Activation f is chosen as the sigmoid function

» Evaluate the loss £ = —[y? log g + (1 — y@) log (1 — gV)]

« Repeat for each data point, average the n individual losses

A4

L(g,y)

,Y)

37



Forward pass: evaluate, given the current parameters

. NOR )
m(l) _>W1_> fl —_— W2—> f2 ——»WL—> fL SN

1 °

Y

« the model outputs g{¥) = i (- f? ( FH(x; Wh; Wz) ;...WL)

» the loss incurred on the current data £(g"®, y(®) linear combination

(nonlinear) activation

o the training error J = £ Y7 . £(gl¥, y?)

loss function

38



Outline

» Systematic feature transformations

e Neural networks

= Terminology

= Design choices

39



Choosing the hidden-layer activation f

o used to be the most popular
firing rate of a neuron

elegant gradient o'(2) = o(2) - (1 — 0(2))

nowadays, the default choice:

0 ifz<0

ReLU(z) :{ z otherwise

= max(0, z)

very simple form, and so is its gradient.

TReLU(z)

40



Plotted against z, ReLU(z) looks like this:

With learnable w and wg, which of these can ReLU(w x + wy) draw?

AV

7

N

C
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compositions of ReLU(s) can be quite expressive, e.g.,

ReLU(10z + 1)

2 ]
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with enough of these bumps appropriately scaled and shifted:

output
o N IS

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
X

output
o N

asymptotically, can approximate any continuous function arbitrarily well (for regression),
therefore can also approximate arbitrary decision boundaries (for classification)

asymptotically: as the number of neurons grows. With enough neurons, even one
hidden layer gets within any error of any continuous function on a bounded domaizs.




the same holds for higher dimensions

ReLU(—1lxy — lzy — 1)

ReLU(lz; — lzy — 0.5)

o
ReLU(—1x; + lxg — 0.5) 5 0

ReLU(lzy + lzy + 0)

just 4 ReLU neurons already
carve out a non-trivial surface

44



https:/ / shenshen.mit.edu/demos/2layers.html?embed=relu



https://shenshen.mit.edu/demos/2layers.html?embed=relu

« Width: # of neurons in layers

o Depth: # of layers

CHEESY CHICKEN
STACKER

BBQ TURKEY BACON
STACKER

» Typically, increasing either the width or depth (with nonlinear activation)

makes the model more expressive, but it also increases the risk of overfitting.

For neural networks, though, how size relates to overfitting is still
open research; see the double-descent curve and scaling lawes.




(The demo doesn't show in the PDF; the link below works.)

47


https://shenshen.mit.edu/demos/nn/playground/?embed

output layer design choices

o # neurons, activation, and loss depend on the high-level goal.
« Typically straightforward.
« Multi-class setup: to predict exactly one of K classes, the output layer has K

neurons, softmax activation, and cross-entropy loss

e.g., say K = b classes

— (L0 softmax (z;) 0.058
_5|-05 0.096
Sloo|—|  exp(z;) |—|0158
—| 05 = 0.260
—| 1.0 | Zz 1 €XP (2:) 0.429 |

» For other multi-class settings, see hw /lab.



Summary

feature transformations  feature transformation ' polynomial features  feature engineering
neural networks neuron @ activation function layer hidden layer @ forward pass

design choices 'ReLU | width | depth

« Linear models are convenient but lack expressiveness for most real-world tasks.

« A fixed nonlinear feature transformation lets us use linear methods on complex

problems, but designing features by hand gets tedious.

e Neural networks automate feature learning: layers alternate parameterized

linear maps with nonlinear activations (typically ReLU).

» For classification outputs, we apply sigmoid (binary) or softmax (multi-class).

Next time: How do we frain neural networks? (gradient descent + backpropagation)
49



