Introduction to
Machine Learning
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Markov Decision Process

Markov Decision Process
(87 Aa T7 Ra v 80)

S = set of possible states

A = set of possible actions

T:S x AxS — R:transition model
R:S8 x A— R:reward function

Y = discount factor
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Markov Decision Process

Markov Decision Process
(87 Aa T7 Ra v 80)

S = set of possible states

A = set of possible actions

T:S x AxS — R:transition model
R:S8 x A— R:reward function
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Goal: find a “policy” 7 :S — A that maximizes reward

Y = discount factor



Value of a policy

e Givenan MDP andapolicy m:S8 — A we can find the value
of a policy by solving a system of linear equations.
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Value of a policy

e Givenan MDP andapolicy m:S8 — A we can find the value
of a policy by solving a system of linear equations.
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=~ R(poor, fallow)=0
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VR(s) = 0;VI(s) = R(s,m(s)) + Sy Tls,m(s), o) - VITA (') T pIoeon (00 20w

™ many growing seasons
— / / left)
Vi(s) = R(s,7(s)) + 712 5 T(s,m(s),s")V(s') « V' (s) : value (expected
_ o reward) with policy =
Can use to evaluate which policy is better. starting at s

How to compute best policy?



Optimal policy in a known MDP
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* h: horizon (e.g. how many planting seasons)
« Q"(s,a): expected reward of starting at s, making action a, and then making the

“best” action for the h-1 steps left
« With Q can find an optimal policy: 7} (s) = arg max, Q" (s, a)
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Optimal policy in a known MDP
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* h: horizon (e.g. how many planting seasons)
« Q"(s,a): expected reward of starting at s, making action a, and then making the

“best” action for the h-1 steps left
« With Q can find an optimal policy: 7} (s) = arg max, Q" (s, a)

Q%(s,a) = 0;Q"(s,a) = R(s,a) + .., T(s,a,s') max, Q"1(s',a’)
Q' (rich, plant) = 100; Q! (rich, fallow) = 0; Q*(poor, plant) = 10; Q" (poor, fallow) = 0

Q?(rich, plant) = R(rich, plant) + T'(rich, plant, rich) max Q*(rich, a’)
+ T(rich, plant, poor) mépg Q* (poor, a’)



Optimal policy in a known MDP
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* h: horizon (e.g. how many planting seasons)
« Q"(s,a): expected reward of starting at s, making action a, and then making the

“best” action for the h-1 steps left
« With Q can find an optimal policy: 7} (s) = arg max, Q" (s, a)

Q%(s,a) = 0;Q"(s,a) = R(s,a) + .., T(s,a,s') max, Q"1(s',a’)
Q' (rich, plant) = 100; Q! (rich, fallow) = 0; Q*(poor, plant) = 10; Q" (poor, fallow) = 0

Q?(rich, plant) = 100 + (0.1)(100)
+(0.9)(10) = 119



Optimal policy in a known MDP
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* h: horizon (e.g. how many planting seasons)
« Q"(s,a): expected reward of starting at s, making action a, and then making the

“best” action for the h-1 steps left
« With Q can find an optimal policy: 7} (s) = arg max, Q" (s, a)
Q%(s,a) = 0;Q"(s,a) = R(s,a) + .., T(s,a,s') max, Q"1(s',a’)
Q' (rich, plant) = 100; Q! (rich, fallow) = 0; Q*(poor, plant) = 10; Q" (poor, fallow) = 0
Q?(rich, plant) = 119; Q?(rich, fallow) = 91; Q*(poor, plant) = 29; Q*(poor, fallow) = 91



(Finite-Horizon) Value Iteration
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* h: horizon (e.g. how many planting seasons)
« Q"(s,a): expected reward of starting at s, making action a, and then making the

“best” action for the h-1 steps left
« With Q can find an optimal policy: 7} (s) = arg max, Q" (s, a)

Q%(s,a) = 0;Q"(s,a) = R(s,a) + .., T(s,a,s') max, Q"1(s',a’)

Q' (rich, plant) = 100; Q! (rich, fallow) = 0; Q*(poor, plant) = 10; Q" (poor, fallow) = 0
Q?(rich, plant) = 119; Q?(rich, fallow) = 91; Q*(poor, plant) = 29; Q*(poor, fallow) = 91
What's best?|Any s, 77 (s) = plant; w5 (rich) = plant, 75 (poor) = fallow




(Infinite-Horizon) Value lteration
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 What if | don’t stop farming? Is there any optimal policy?
 Theorem. There exists a (stationary) optimal policy 7~ l.e.,
for every policy m and for every state s € S, Vi« (s) > Vi (s)
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What if | don’t stop farming? Is there any optimal policy?
Theorem. There exists a (stationary) optimal policy 7" |.e.,
for every policy m and for every state s € S, Vi« (s) > Vi (s)
Q*(s,a) : expected reward if we make best actions in future
o |f we knew Q@*(s,a), then: 7*(s) = argmax, Q*(s, a)
Note: Q*(s,a) = R(s,a) +v>_, T(s,a,s’) maxy Q*(s',a’)

* Not linear in Q*(s,a), so not as easy to solve as V(s



(Infinite-Horizon) Value lteration

Finite-horizon value iteration:

Q%(s,a) =0 Q'(s,a) = R(s,a)
Q"(s,a) = R(s,a) +v>.., T(s,a,s") max, Q" 1(s',a’)



(Infinite-Horizon) Value lteration

Finite-horizon value iteration:

QO(37a) =0 Ql(saa) — R(S7a')
Q"(s,a) = R(s,a) +v>.., T(s,a,s") max, Q" 1(s',a’)
Infinite-Horizon-Value-Iteration (S, A,T,R,~,¢€)

for each state s€S and each actiona€e A
Initialize Qqa(s,a) =0



(Infinite-Horizon) Value lteration

Finite-horizon value iteration:

Q%(s,a) =0 Q'(s,a) = R(s,a)
Q"(s,a) = R(s,a) +v>.., T(s,a,s") max, Q" 1(s',a’)

Infinite-Horizon-Value-Iteration (S, A,T,R,~,¢€)
for each state s€S8 and each actionace A
Initialize Qqa(s,a) =0
while True
for each state s€ S and each actiona€ A

Qnew(sa a) — R(37 CL) T+ Zs/ T(Sa a, S/) maXe’ QOld(S,7 CL’)



(Infinite-Horizon) Value lteration

Finite-horizon value iteration:

Q%(s,a) =0 Q'(s,a) = R(s,a)
Q"(s,a) = R(s,a) +v>.., T(s,a,s") max, Q" 1(s',a’)

Infinite-Horizon-Value-Iteration (S, A,T,R,~,¢€)
for each state s€ S and each actionae A
Initialize Qq(s,a) =0
while True
for each state s€ S and each action a€ A
Qnew(s,a) = R(s,a) + 7)., T(s,a,s") maxy Qola(s’, a’)
if maXs q |Q01d(8, CL) — Qnew(S, a)| <e€
return Qpnew

Qold — Qnew



