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Review: Linear Regression

Givendata D = {z ¢ = 20 cRd 40 e R

Define hypothesis class h(z;6) = 0"+ 09

n

> bz, 0) —y™)?

1=1

Define cost function J(6) = %

Find best hypothesis  argmin J(6)
0



What about classification?

Givendata D = {z ¢ = 20 cRd 40 e R

\

Define hypothesis class  h(z;0) = 0"z + 6o y® e {~1,1}

Define cost function J(0) = % > k=, 0) —y)?

1=1

Find best hypothesis  arg min J(6) ?27°7?
0



Example

Regression

e Datum :: feature vector
2@ =@, aHT e rY
e Label y® e R

 Hypothesis h: R? = R
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(Two-class) Classification
e Datum ¢: feature vector
V) = (xg),.. ()) c R?
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Linear Classifiers

e Hypothesis h : R — {—1,+1}

e Linear classifier: a hypothesis class which labels +1 on one
side of a hyperplane and -1 on the other



Linear Classifiers

Hypothesis h : RY — {—1,+1}

Linear classifier: a hypothesis class which labels +1 on one
side of a hyperplane and -1 on the other

Hyperplane: high-dimensional line that

can be characterized by: Line

0'z+0)=0

Hyperplane




Linear Classifiers

0"z = 0] cos a 5



Linear Classifiers

0"z = 0] cos a 5

'z >0




Linear Classifiers

0" 2 = |0]l||z]| cos o

0'z <0
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Linear Classifiers

0" 2 = |0]l||z]| cos o




Linear Classifiers

0'z =0

e () is vector that is normal (or
orthogonal) to the hyperplane




Linear Classifiers

0'z =0

e () is vector that is normal (or
orthogonal) to the hyperplane

e () controls offset from origin

0'z+60,=0




Linear Classifiers

y = Wearing a coat?
e Hyperplane:

T3 2?2

(9T$—|—t9():0 Q++5§

x
. . ©
e Decision rule: of 2

h(x;0,0g) = sign(0'x + 0y)
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—1 otherwise



Linear Classifier Example




Linear Classifier Example

0 _ = Direction along x1 axis
\ / 0= _1.5] J




Linear Classifier Example

3
(1) —
=[3

+X(1) h(x);0,80) = sign ([—1 1.5] B] +3>
eTX + 90 =0
= sign(3) = +1
=
/ 8= [1.5]
= 0p=3



Linear Classifier Example

: o[

2
+x(1) e h(xV);0,8y) = sign ([—1 1.5] B] +3>
i xrhes — sign(3) = +1
NI LS~
+ _x® g _3 K= {—1]



Classifier Performance

Which classifier is better?

y = Wearing a coat? y = Wearing a coat?

AWind speed (kp

Temperature (C)

Temperature (C) >:101



Classifier Performance

e \Which classifier is better?

e “Zero-one” loss:

Oif g=a
1 else

L(g,a) = {

e Dataset level error: 1 - accuracy

1 < _ .
L W IROING
”;:1: (g, y\")



Linear Classifier Issues

e Issue 1: No notion of uncertainty
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Linear Classifier Issues

e Issue 1: No notion of uncertainty

Wind speed (kph)

TerREraliE e Temperature (C)



Linear Classifier Issues

e Issue 2: Gradient descent not possible
L ZL(Q@ o
n ’
:—Z { + sign(0 ' x (Z)+9)}

What is the gradient of the above with respect the model
parameters?



Linear Classifier Issues

e Issue 2: Gradient descent not possible
L ZL(gu) o
n ’
:—Z { + sign(0 ' x (Z)+9)}

e Gradient is zero “almost everywhere”

L e N ;
Vo (0) = = > Vel {y® # sign(0Ta® + o) |
=1



Linear Classifier Issues

1 {y #sign(6 "z + 0o) }

A

Zero-one loss is not
based learning!

Y- (0" x + 6p)




Capturing Uncertainty

Probability of
wearing a coat
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Capturing Uncertainty
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Capturing Uncertainty
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Capturing Uncertainty

Probability of
wearing a coat
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Temperature (C)
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Temperature (C)
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Label: am |
wearing a coat?



Capturing Uncertainty

~ How can we obtain
\ a function that looks
\ like this?
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Temperature (C) Temperature (C)
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Temperature (C) Temperature (C)

Label: am |
wearing a coat?



Capturing Uncertainty

Sigmoid Function o(z) : R — (0, 1)

1
o(z) = 1 + exp(—2)

Temperature (C)

‘1A i
Ed
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Capturing Uncertainty

Sigmoid Function o(z) : R — (0, 1)

(2) :
o\2) =
1 4 exp(—2)
Temperéture (C)
o(z) o(0z)
14 e 1
= oy 3 3 0* 3



Capturing Uncertainty

Sigmoid Function o(z) : R — (0, 1)

(2) :
o\2) =
1 4 exp(—2)
Temperéture (C)
o(z) o(6z) o(0z)
T S P 4




Capturing Uncertainty

Sigmoid Function o(z) : R — (0, 1)

(2) 1
O\g) =
1 + exp(—2)
Temperéture (C)
o(2) o(6z) o (02) a(éz + 6p)
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Capturing Uncertainty

1
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Cost Function

e \What (differentiable) cost function should we optimize?

e Mean squared error?

& 2

J(0) = L Z (a(eTa:(i) +6p) — y<i>)
\y € {0,1}

e Will “work”, but loss is non-convex and somewhat unnatural.



Maximum Likelihood Estimation

e Idea: find parameters that would maximize the probability of
observed data.

e Probability of a label
PY=+4+1|X=z)=0(0"z + 6))

“Probability that the label is +1 given datum x”



Maximum Likelihood Estimation

e Idea: find parameters that would maximize the probability of
observed data.

e Probability of a label
PY=+1|X=z)=00"z+6)
PY=-1|X=z)=1-0(8"z + b))
PY=y|X=x)=0(0"2+0)W=t}.1-0(0Tz+6))v="1



Maximum Likelihood Estimation

e |dea: find parameters that would maximize the probability of
observed data.

e Probability of a label
PY=+1|X=2)=0c(0"z + 6
PY=-1|X=2)=1-0(0"z + 6p)
PY=y|X=z)=0c(0"z+6) 0=t} .(1-0(0"x +6p))¥="Y

e Probability of all data: P(Data) HP (1'.) | X = ;zr('"'))
“Likelihood” function



Maximum Likelihood Estimation

|dea: find parameters that would maximize the probability of
observed data.

Maximum Likelihood Estimation

arg max P(Data)
0

= arg max log P(Data)
0

= argmin — log P(Data)
0

1 .
— argmin —— log P(Data) Average negative log
0 n likelihood



Maximum Likelihood Estimation

Cost function: average negative log likelihood

n

1 1 . .
J(0) = —=log P(Data) = —— _ @D x = 0
(¢) = —-log P(Data) = ——log [] P(Y =y | X =)

- — l Zlog (O’(@TCC(Z) + Ho)ﬂ{y(i):+1} ( (9T () 4+ 0 ))]l{y( )—_1}

= —=Y"1 {y(i) 1} logo (62" +6)+  Differentiable (and convex)
i=1 with respect to model
1 {y(i) = —1} log(1 — (872 + 6)) parameters!



Logistic Regression

e Logistic Regression
o Probability of label given by sigmoid function
o Trained to maximize likelihood

Uncertainty-awareness + differentiable loss

Zero-one loss

Logistic regression loss

< >

y-(0"x + 6p)




Logistic Regression Gradients

Cost function: average negative log likelihood

y € {-1,+1} J(0 :——Zl{y }loga(HT @) 1 69) +

1 {y@ — = } log(1 — o(8T2® + 6,))

1 n \ ’
y € {0, 1} J(0) = -~ ; y D logo (62 + 6p) +
Use this formulation (1-— y(i)) log(1 — g(@Taz(i) +6p))
from now on



Logistic Regression Gradients

Y { 9 } 9 1—+—eXp(_(9T/I;(1,) +90))
1 n " | /' ’.
g
1 n ” ’. I'
VQJ(Q) — _E Z(y(t) _ g(z))m(c)
i=1

Try to derive above and also find Vg .J(0)



Logistic vs. Linear Regression Gradients

n

1 / i i i
Logistic ~ J(0) =~ y"logg” + (1 —y)log(1 - )
Regression =t i
LN L 1 . | |
__ (0) _ g0y — _ 2 @) _ 50T 2@ i)
VoJ(0) = - ;('g g i = - ; (y o' x\Y + 90)> x
1 n
_ Ta) = — (1) _ 4(2))2
Linear (6) = — ;(y g")
Regression n n
2 | L 2 | | |
__* (B) _ ) — _2 (@) _ (9T () (3)
VeJ(0) = —— Z(y g")a" = —— (y (0 +90)) x



Logistic vs. Linear Regression Gradients

n

1 i i i i
Logistic ~ J(0) =~ y"logg” + (1 —y)log(1 - )
Regression . )
L __— 1 < B . |
— (i) _ )0 — _ 2 (D) _ (0T 20 (i)
Vo J(0) " ;(y g\ Nx " ; (y o(0' '\ + 90)> iy
1 n
_ Ta) = — (1) _ 4(2))2
Linear (6) = — ;(y g")
Regression 9 o 9 M | | |
VeJ(8) = —= > (49 - g0)2® = = 3" (¢@= (T gp)) o
i=1 =1

Intuition: Adjust model parameters to point in the same direction as
datum, weighted by how “wrong” the current model is (residual)



Logistic Regression Evaluation

Classification rule:
hz)=1{c(0" 2 +6y) > 0.5} =1{0" 2+ 6y > 0}

= Still a linear classifier! Logistic regression = Weangacou?
IS just one way of learning a hyperplane ' '

Evaluation: /g
- Accuracy on test set - -
- Negative log likelihood of test set B C)



