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Recall
• A general ML approach: 

• Collect data 
• Choose hypothesis class 
• Choose “good” hypothesis 

by minimizing training loss 
+ regularizer

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

2

• “All models are wrong, but some are useful” -George Box 
• Limitations of a closed-form solution for objective minimizer

linear regression hypothesis
squared loss L(g,a) = (g-a)2

squared-norm as regularizer

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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• Example: ridge regression

• Other hypotheses or loss or 
regularizer: maybe no closed-
form solution, or difficult

e.g.
<latexit sha1_base64="J7l6OhRX3Dd3i6kp4QcJgn9dYhE="></latexit>⇢

(g � a)2 if g > a
5(g � a)2 if g  a

<latexit sha1_base64="d2DZN+dIBPmcrXlt1/dck1rMzl8=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrRb0IRS8ePFSwH9guJZtm29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl4Qc6aN6347S8srq2vruY385tb2zm5hb7+ho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8mfjNJ6o0i+SDGcXUF7gvWcgINlZ6vCv1TxE+QVeoWyi6ZXcKtEi8jBQhQ61b+Or0IpIIKg3hWOu258bGT7EyjHA6zncSTWNMhrhP25ZKLKj20+nFY3RslR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8j7qMUWJ4SNLMFHM3orIACtMjA0pb0Pw5l9eJI2zsndertxXitXrLI4cHMIRlMCDC6jCLdSgDgQkPMMrvDnaeXHenY9Z65KTzRzAHzifP9hojxU=</latexit>

L(g, a) =

<latexit sha1_base64="udj/LByXHDXE2B3ulbOOw1KaiQU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKUC9C0IvHCHlBdgmzk95kyOyDmVkhLPkNLx4U8erPePNvnCR70MSChqKqm+4uPxFcadv+ttbWNza3tgs7xd29/YPD0tFxW8WpZNhisYhl16cKBY+wpbkW2E0k0tAX2PHH9zO/84RS8Thq6kmCXkiHEQ84o9pIblBxmyPU9ILckn6pbFftOcgqcXJShhyNfunLHcQsDTHSTFCleo6daC+jUnMmcFp0U4UJZWM6xJ6hEQ1Redn85ik5N8qABLE0FWkyV39PZDRUahL6pjOkeqSWvZn4n9dLdXDjZTxKUo0RWywKUkF0TGYBkAGXyLSYGEKZ5OZWwkZUUqZNTEUTgrP88ippX1adq2rtsVau3+VxFOAUzqACDlxDHR6gAS1gkMAzvMKblVov1rv1sWhds/KZE/gD6/MHNsaQgQ==</latexit>

f(⇥) =
e.g.

• Can be too slow to run, even in ridge regression



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with

3



Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

3



Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria:
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏

3



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏

4

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏
⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

4

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏
⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

4

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏
⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

3D 
vector 

includes 
vertical f 
change

4

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏

3D 
vector 

includes 
vertical f 
change
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Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

4

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

2D 
vector 

includes 
vertical f 
change

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

2D 
vector 

includes 
vertical f 
change

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

2D 
vector 

includes 
vertical f 
change

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

3D 
vector 

includes 
vertical f 
change

2D 
vector 

includes 
vertical f 
change

4

Here: m = 1, 
so (negative) 
gradient is a 

1D vector

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum
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⌘
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✏̃
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⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

global 
min

local 
min
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• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
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⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

global 
min

local 
min
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• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum6

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

global 
min

local 
min



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

6



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
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<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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Rm
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

6
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global optimum
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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global optimum
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

6



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

6
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• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

6



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy 
• Need to measure accuracy for the running time we have

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

dxd
Matrix inversion running time: O(d3)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

Optimizing ridge regression

• Recall: closed-
form solution (if 
no offset)
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Gradient descent for ridge regression

Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="3Plg2iGmGKp2i6FO3azYiv3AV/I=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIIHCbsS1KPoxaOCUSEblt5JrxmcnV1mesWw5De8+CtePCjiUU/+jZPHwVfBQFFVTU9XnCtpyfc/vYnJqemZ2bn5ysLi0vJKdXXtwmaFEdgUmcrMVQwWldTYJEkKr3KDkMYKL+Ob44F/eYvGykyfUy/HdgrXWiZSADkpqvrheRcJojIkvCOTllJL6vd3eOjUHZ44oiFWEI1yPImqNb/uD8H/kmBMamyM06j6HnYyUaSoSSiwthX4ObVLMCSFwn4lLCzmIG7gGluOakjRtsvhZX2+5ZQOTzLjniY+VL9PlJBa20tjl0yBuva3NxD/81oFJQdtd2xeEGoxWpQUilPGBzXxjjQoSPUcAWGk+ysXXTAgyJVZcSUEv0/+Sy5268FevXHWqB0ejeuYYxtsk22zgO2zQ3bCTlmTCXbPHtkze/EevCfv1XsbRSe88cw6+wHv4wsitKBa</latexit>

⇥init, ⌘, f,r⇥f

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

8



Gradient descent for ridge regression

Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

<latexit sha1_base64="3Plg2iGmGKp2i6FO3azYiv3AV/I=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIIHCbsS1KPoxaOCUSEblt5JrxmcnV1mesWw5De8+CtePCjiUU/+jZPHwVfBQFFVTU9XnCtpyfc/vYnJqemZ2bn5ysLi0vJKdXXtwmaFEdgUmcrMVQwWldTYJEkKr3KDkMYKL+Ob44F/eYvGykyfUy/HdgrXWiZSADkpqvrheRcJojIkvCOTllJL6vd3eOjUHZ44oiFWEI1yPImqNb/uD8H/kmBMamyM06j6HnYyUaSoSSiwthX4ObVLMCSFwn4lLCzmIG7gGluOakjRtsvhZX2+5ZQOTzLjniY+VL9PlJBa20tjl0yBuva3NxD/81oFJQdtd2xeEGoxWpQUilPGBzXxjjQoSPUcAWGk+ysXXTAgyJVZcSUEv0/+Sy5268FevXHWqB0ejeuYYxtsk22zgO2zQ3bCTlmTCXbPHtkze/EevCfv1XsbRSe88cw6+wHv4wsitKBa</latexit>

⇥init, ⌘, f,r⇥f

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

8



Gradient descent for ridge regression

Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

<latexit sha1_base64="3Plg2iGmGKp2i6FO3azYiv3AV/I=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIIHCbsS1KPoxaOCUSEblt5JrxmcnV1mesWw5De8+CtePCjiUU/+jZPHwVfBQFFVTU9XnCtpyfc/vYnJqemZ2bn5ysLi0vJKdXXtwmaFEdgUmcrMVQwWldTYJEkKr3KDkMYKL+Ob44F/eYvGykyfUy/HdgrXWiZSADkpqvrheRcJojIkvCOTllJL6vd3eOjUHZ44oiFWEI1yPImqNb/uD8H/kmBMamyM06j6HnYyUaSoSSiwthX4ObVLMCSFwn4lLCzmIG7gGluOakjRtsvhZX2+5ZQOTzLjniY+VL9PlJBa20tjl0yBuva3NxD/81oFJQdtd2xeEGoxWpQUilPGBzXxjjQoSPUcAWGk+ysXXTAgyJVZcSUEv0/+Sy5268FevXHWqB0ejeuYYxtsk22zgO2zQ3bCTlmTCXbPHtkze/EevCfv1XsbRSe88cw6+wHv4wsitKBa</latexit>

⇥init, ⌘, f,r⇥f

8



Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

8



Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

• No more matrix inversion! (see lab)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

8



• No more matrix inversion! (see lab) 
• But have to look at all n data points 

every step 
• How to better handle large n?

Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

8



• No more matrix inversion! (see lab) 
• But have to look at all n data points 

every step 
• How to better handle large n?

Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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• No more matrix inversion! (see lab) 
• But have to look at all n data points 

every step 
• How to better handle large n?

Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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• No more matrix inversion! (see lab) 
• But have to look at all n data points 

every step 
• How to better handle large n?

Gradient descent for ridge regression

RidgeRegression-Gradient-Descent(     ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

• Gradient descent with f = ridge regression objective 
• For the moment, assume no offset (can extend)

Return
until stopping criterion

<latexit sha1_base64="eYXcAy6ztzxiVH7JTzn3dXtCHoo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgIWFXgloGbSwjmAdkQ5id3CRDZh/M3BXDso2Nv2JjoYit/2Dn3zibpNDEAwOHc+7lzjleJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3ug685v3oLQIgzscR9Dx2SAQfcEZGqlbPHRxCMi6iYvwgMpPRCAwTU+pm6nFkl22J6CLxJmREpmh1i1+ub2Qxz4EyCXTuu3YEXYSplBwCWnBjTVEjI/YANqGBswH3UkmKVJ6bJQe7YfKvADpRP29kTBf67HvmUmf4VDPe5n4n9eOsX/ZMcGiGCHg00P9WFIMaVYJ7QkFHOXYEMaVMH+lfMgU42iKK5gSnPnIi6RxVnbOy5XbSql6NasjTw7IETkhDrkgVXJDaqROOHkkz+SVvFlP1ov1bn1MR3PWbGef/IH1+QNhcZkj</latexit>

✓init, ⌘

<latexit sha1_base64="378pGGggjM8Q53SlrPI1a49ctwc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QxLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRPA9HDMljVsXzab9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkkRM+9n85ql9ZpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbz2My6TFJmki0VhKmyM7VkA9oArRlFMDCFUcXOrTUdEEYomppIJwV1+eZW0L2ruZa1+X680bvI4inACp1AFF66gAXfQhBZQSOAZXuHNSq0X6936WLQWrHzmGP7A+vwBybaRiA==</latexit>

✓(t)

Exercise: Check!
<latexit sha1_base64="r/m3FFIT4TR4JtJBL/rAnooLH1E="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

2
⇥
✓(t�1)>x(i) � y(i)

⇤
x(i) + 2�✓(t�1)

�

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Stochastic gradient descent

9

• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

9

• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Stay tuned for more examples 
• Compare to training error defn.

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)

Compare to gradient descent update:
<latexit sha1_base64="cdpnl5yJTolQGTjQ2T9tYcQ+NGE="></latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥(t�1))
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• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Stay tuned for more examples 
• Compare to training error defn.

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)

Compare to gradient descent update:
<latexit sha1_base64="cdpnl5yJTolQGTjQ2T9tYcQ+NGE="></latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥(t�1))
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• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Stay tuned for more examples 
• Compare to training error defn.

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)

Compare to gradient descent update:
<latexit sha1_base64="cdpnl5yJTolQGTjQ2T9tYcQ+NGE="></latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥(t�1))
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• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Stay tuned for more examples 
• Compare to training error defn.

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)

Compare to gradient descent update:
<latexit sha1_base64="cdpnl5yJTolQGTjQ2T9tYcQ+NGE="></latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥(t�1))



Stochastic gradient descent
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• Linear regression objective (with          ): � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n} 

Return 

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Commonly used with “minibatches”

• Stay tuned for more examples 
• Compare to training error defn.

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)

Compare to gradient descent update:
<latexit sha1_base64="cdpnl5yJTolQGTjQ2T9tYcQ+NGE="></latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥(t�1))



• Conclusion: If run long enough, stochastic gradient 
descent will return a value within    of the global minimizer 

Stochastic gradient descent (SGD) properties

• Theorem: SGD performance 
• Assumptions: (Choose any          ) 

• f is “nice” & convex, has a unique global minimizer 
•  

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="FFDU0upJ6iiCUITKYQSyg3WnUzc=">AAACOHicbVBNS8NAFNz4WetX1aOXxSJUkJKUgh4sFL14kgrWFppYNtuNLt1swu6LEEL/lRf/hje9eFAQr/4Ct20OWh1YGGbm8faNHwuuwbafrbn5hcWl5cJKcXVtfWOztLV9raNEUdamkYhU1yeaCS5ZGzgI1o0VI6EvWMcfno39zj1TmkfyCtKYeSG5lTzglICR+qULVydhP4OGM7rJXC4DSEfYZUAqcIAbeKoc4v9SlTx2cFPDJ3myXyrbVXsC/Jc4OSmjHK1+6ckdRDQJmQQqiNY9x47By4gCTgUbFd1Es5jQIbllPUMlCZn2ssndI7xvlAEOImWeBDxRf05kJNQ6DX2TDAnc6VlvLP7n9RIIjr2MyzgBJul0UZAIDBEel4gHXDEKIjWEUMXNXzG9I4pQMFUXTQnO7Ml/SadWdepVx7msl5uneR8FtIv2UAU56Ag10TlqoTai6AG9oDf0bj1ar9aH9TmNzln5zA76BevrG90Nq6Q=</latexit> 1X

t=1

⌘(t) = 1,
1X

t=1

(⌘(t))2 < 1

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

• e.g.
<latexit sha1_base64="JMtTm94UovWC3ilVM7MMcFeNyW4="></latexit>

⌘(t) = ↵(⌧0 + t)�( 2 (0.5, 1])

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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