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[ https://en.wikipedia.org/wiki/Sowing#/media/File:Simon_Bening_-_September.jpg ] 

[ https://en.wikipedia.org/wiki/George_Washington_Carver#/media/File:George_Washington_Carver_c1910_-_Restoration.jpg ] 
[ Katz, Brown, Murphy 1987 ]



• e.g. g(s) = s 
• e.g. g(s) = soil-

moisture-sensor(s)

State Machine
•     = set of possible 

states 
•     = set of possible 

inputs 
•            : initial state 
•                         : 

transition function 
•     : set of possible 

outputs 
•                  : output 

function
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<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

<latexit sha1_base64="zHJY5gkhhikBclBGFDi+73boY8g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kokouiy6cVnRPqAJYTKdtkMnkzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJpwp7Tjf1srq2vrGZmWrur2zu7dvHxx2VJxKQtsk5rHshVhRzgRta6Y57SWS4ijktBtObgq/+0ilYrF40FlC/QiPBBsygrWRArumAgd5TCAvwnpMMM/vp4FddxrODGiZuCWpQ4lWYH95g5ikERWacKxU33US7edYakY4nVa9VNEEkwke0b6hAkdU+fks/BSdGGWAhrE0T2g0U39v5DhSKotCM1lEVIteIf7n9VM9vPJzJpJUU0Hmh4YpRzpGRRNowCQlmmeGYCKZyYrIGEtMtOmrakpwF7+8TDpnDfei4dyd15vXZR0VOIJjOAUXLqEJt9CCNhDI4Ble4c16sl6sd+tjPrpilTs1+APr8wcK+5Rj</latexit>

s0 2 S

Example

<latexit sha1_base64="13fjdHqaWK0CpySePRbBWELA+Y4=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwVRJRfKyKblxWtA9oQplMJ+3QyYOZG6WEfosbf8WNC0VdCX6MkzZgbT0wcDjnXObe48WCK7CsL6OwsLi0vFJcLa2tb2xumds7DRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9wVXmN++ZVDwK72AYMzcgvZD7nBLQUsc89y+wExDoUyLS2xF2gAdM/UotLUne6wORMnqYjnbMslWxxsDzxM5JGeWodcwPpxvRJGAhUEGUattWDG5KJHAq2KjkJIrFhA5Ij7U1DYlexE3HJ47wgVa62I+kfiHgsTo9kZJAqWHg6WS2opr1MvE/r52Af+amPIwTYCGdfOQnAkOEs75wl0tGQQw1IVRyvSumfSIJBd1qSZdgz548TxpHFfukYt0cl6uXeR1FtIf20SGy0SmqomtUQ3VE0SN6Rq/ozXgyXox343MSLRj5zC76A+P7B10VpNQ=</latexit>

f : S ⇥ X ! S

<latexit sha1_base64="S/0UiI26FhNSxC+ejv5t4r1jRF4=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbK2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0jUo14y2mpNKdkBouRcxbKFDyTqI5jULJH8LxTe4/PHFthIrvcZLwIKLDWAwEo2glvxtRHDEqs8dpr1pz6+4MZJl4BalBgWav+tXtK5ZGPEYmqTG+5yYYZFSjYJJPK93U8ISyMR1y39KYRtwE2SzylJxYpU8GStsXI5mpvzcyGhkziUI7mUc0i14u/uf5KQ6ugkzESYo8ZvOPBqkkqEh+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycukfVb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDlhiRcw==</latexit>Y

<latexit sha1_base64="UqwTCm12/OYKxeIFL92RAfFlZuA=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRJRFFdFNy4r2oc0oUymk3ToZBJmJkoJ+QM3/oobF4q4devOv3HSBtTWAxcO59zLvfd4MaNSWdaXUZqbX1hcKi9XVlbX1jfMza2WjBKBSRNHLBIdD0nCKCdNRRUjnVgQFHqMtL3hRe6374iQNOI3ahQTN0QBpz7FSGmpZ+4HZ9AJkRpgxNLrDDqCBgOFhIjuf/TbrGdWrZo1BpwldkGqoECjZ346/QgnIeEKMyRl17Zi5aZIKIoZySpOIkmM8BAFpKspRyGRbjr+J4N7WulDPxK6uIJj9fdEikIpR6GnO/MT5bSXi/953UT5p25KeZwowvFkkZ8wqCKYhwP7VBCs2EgThAXVt0I8QAJhpSOs6BDs6ZdnSeuwZh/XrKujav28iKMMdsAuOAA2OAF1cAkaoAkweABP4AW8Go/Gs/FmvE9aS0Yxsw3+wPj4Bk33nNk=</latexit>

g : S ! Y

rich soil

fallow plant

plant

fallow

poor soil

<latexit sha1_base64="iIc6f4NHJCQxfjFaNBDogtW2i/8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoheh6MVjBfsBbQib7aZdupuE3YkYQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3Syura+kZ5s7K1vbO7Z+8ftHWcKspaNBax6gZEM8Ej1gIOgnUTxYgMBOsE45up33lgSvM4uocsYZ4kw4iHnBIwkm9Xte/gK9wH9ghK5orT0cS3a07dmQEvE7cgNVSg6dtf/UFMU8kioIJo3XOdBLycKOBUsEmln2qWEDomQ9YzNCKSaS+fHT/Bx0YZ4DBWpiLAM/X3RE6k1pkMTKckMNKL3lT8z+ulEF56OY+SFFhE54vCVGCI8TQJPOCKURCZIYQqbm7FdEQUoWDyqpgQ3MWXl0n7tO6e1527s1rjuoijjA7RETpBLrpADXSLmqiFKMrQM3pFb9aT9WK9Wx/z1pJVzFTRH1ifP0VxlIo=</latexit>

s0 = rich
<latexit sha1_base64="PTBgH615oShkEd2SEzwIc9XHdIg=">AAACFnicbVDLSgNBEJz1bXytevQyGIQIGnZFURAh6MVjBBMDybLMTmaTwdmZZaZXDEu+wou/4sWDIl7Fm3/j5IH4Kmgoqrrp7opSwQ143oczMTk1PTM7N19YWFxaXnFX1+pGZZqyGlVC6UZEDBNcshpwEKyRakaSSLCr6Pps4F/dMG24kpfQS1mQkI7kMacErBS6uyb08QmOSyb0dnAL2C3oJE8FkdDftsaXopTuH4du0St7Q+C/xB+TIhqjGrrvrbaiWcIkUEGMafpeCkFONHAqWL/QygxLCb0mHda0VJKEmSAfvtXHW1Zp41hpWxLwUP0+kZPEmF4S2c6EQNf89gbif14zg/goyLlMM2CSjhbFmcCg8CAj3OaaURA9SwjV3N6KaZdoQsEmWbAh+L9f/kvqe2X/oOxd7Bcrp+M45tAG2kQl5KNDVEHnqIpqiKI79ICe0LNz7zw6L87rqHXCGc+sox9w3j4BpvGefQ==</latexit>

s1 = f(s0, plant) = poor;
<latexit sha1_base64="jedcewKF2EvCPkoB+MVSogzKhGQ=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIdVMSUXQjFN24rGAv0IYwmU7aoZNMmDkRS+jGja/ixoUibn0Hd76N0zYLbf1h4OM/53Dm/EEiuAbH+bYWFpeWV1YLa8X1jc2tbXtnt6FlqiirUymkagVEM8FjVgcOgrUSxUgUCNYMBtfjevOeKc1lfAfDhHkR6cU85JSAsXz7YOi7+BL3ytp3jw10gD2AirJESjXy7ZJTcSbC8+DmUEK5ar791elKmkYsBiqI1m3XScDLiAJOBRsVO6lmCaED0mNtgzGJmPayyRUjfGScLg6lMi8GPHF/T2Qk0noYBaYzItDXs7Wx+V+tnUJ44WU8TlJgMZ0uClOBQeJxJLjLFaMghgYIVdz8FdM+UYSCCa5oQnBnT56HxknFPas4t6el6lUeRwHto0NURi46R1V0g2qojih6RM/oFb1ZT9aL9W59TFsXrHxmD/2R9fkDWRaXPQ==</latexit>

y1 = g(s1) = poor
<latexit sha1_base64="WQQWPYh9MMbHWA2uuN0XSUpzdso=">AAACF3icbVDJSgNBEO1xjXEb9eilMQgRZJgJioIIQS8eI5gFkmHo6fQkTXoWumvUMOQvvPgrXjwo4lVv/o2dRdDEBwWP96qoqucngiuw7S9jbn5hcWk5t5JfXVvf2DS3tmsqTiVlVRqLWDZ8opjgEasCB8EaiWQk9AWr+73LoV+/ZVLxOLqBfsLckHQiHnBKQEueaSmvhM9xUFSec4hbwO5BhllAhIjvBgfa+ZEkp93BmWcWbMseAc8SZ0IKaIKKZ3622jFNQxYBFUSppmMn4GZEAqeCDfKtVLGE0B7psKamEQmZcrPRXwO8r5U2DmKpKwI8Un9PZCRUqh/6ujMk0FXT3lD8z2umEJy6GY+SFFhEx4uCVGCI8TAk3OaSURB9TQiVXN+KaZdIQkFHmdchONMvz5JayXKOLfv6qFC+mMSRQ7toDxWRg05QGV2hCqoiih7QE3pBr8aj8Wy8Ge/j1jljMrOD/sD4+AZS3Z7V</latexit>

s2 = f(s1, fallow) = rich;
<latexit sha1_base64="0nxkEsCt0R5YVPKLSrqfy17IeYc=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBiE3YDYo2QtDGMoK5QLIss5PZZMjshZmz4rKksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b1YcAWW9W0UlpZXVteK66WNza3tHXN3r6WiRFLWpJGIZMcjigkesiZwEKwTS0YCT7C2N7qe1Nv3TCoehXeQxswJyCDkPqcEtOWah6lbw5d4UFFu7URDD9gDyCCTnA7Hrlm2qtZUeBHsHMooV8M1v3r9iCYBC4EKolTXtmJwMiKBU8HGpV6iWEzoiAxYV2NIAqacbHrFGB9rp4/9SOoXAp66vycyEiiVBp7uDAgM1XxtYv5X6ybgXzgZD+MEWEhni/xEYIjwJBLc55JREKkGQiXXf8V0SCShoIMr6RDs+ZMXoVWr2mdV6/a0XL/K4yiiA3SEKshG56iOblADNRFFj+gZvaI348l4Md6Nj1lrwchn9tEfGZ8/NLSXJQ==</latexit>

y2 = g(s2) = rich



•     = set of possible 
states 

•     = set of possible 
inputs 

•            : initial state 
•                                 

transition model 
•                         : 

reward function

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

<latexit sha1_base64="zHJY5gkhhikBclBGFDi+73boY8g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kokouiy6cVnRPqAJYTKdtkMnkzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJpwp7Tjf1srq2vrGZmWrur2zu7dvHxx2VJxKQtsk5rHshVhRzgRta6Y57SWS4ijktBtObgq/+0ilYrF40FlC/QiPBBsygrWRArumAgd5TCAvwnpMMM/vp4FddxrODGiZuCWpQ4lWYH95g5ikERWacKxU33US7edYakY4nVa9VNEEkwke0b6hAkdU+fks/BSdGGWAhrE0T2g0U39v5DhSKotCM1lEVIteIf7n9VM9vPJzJpJUU0Hmh4YpRzpGRRNowCQlmmeGYCKZyYrIGEtMtOmrakpwF7+8TDpnDfei4dyd15vXZR0VOIJjOAUXLqEJt9CCNhDI4Ble4c16sl6sd+tjPrpilTs1+APr8wcK+5Rj</latexit>

s0 2 S

<latexit sha1_base64="/3fbiffkiDlW/QWWqhuuDL89PR8=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCq5KIYnFVdOOyVnuBJpTJdNIOnVyYOVFK6Ku48VXcuFCkO/FlnLQBtfWHgZ/vnMOc83ux4Aos69NYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vA6q7cemFQ8Cu9hFDM3IP2Q+5wS0KhrVuqX2AkIDCgR6d0YO8ADpn5QWyPJ+wMgUkaPM+55aX3cNUtW2ZoKLxo7NyWUq9Y1J04voknAQqCCKNWxrRjclEjgVLBx0UkUiwkdkj7raBsSvYebTi8c42NNetiPpH4h4Cn9PZGSQKlR4OnObEM1X8vgf7VOAn7FTXkYJ8BCOvvITwSGCGdx4R6XjIIYaUOo5HpXTAdEEgo61KIOwZ4/edE0T8v2edm6PStVr/I4CugQHaETZKMLVEU3qIYaiKIn9ILe0LvxbLwaH8Zk1rpk5DMH6I+Mr29aS6RJ</latexit>

R : S ⇥ X ! R

<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R

rich soil

0.01 0.99

0.1

poor soil

0.9

plant:

• Transition matrix for “plant” action:

<latexit sha1_base64="elvNm2vvbmq8vAGCrwBa0Ia7/AM="></latexit>
0.1 0.9
0.01 0.99

�rich
rich

poor

poor

sta
rt s

tate
end state

• e.g. R(rich, plant) = 100 
bushels; R(poor, plant) = 10 
bushels; R(rich, fallow) = 
R(poor, fallow) = 0 bushels

4



•     = set of possible 
states 

•     = set of possible 
inputs 

•            : initial state 
•                                 

transition model 
•                         : 

reward function

5

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

<latexit sha1_base64="zHJY5gkhhikBclBGFDi+73boY8g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kokouiy6cVnRPqAJYTKdtkMnkzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJpwp7Tjf1srq2vrGZmWrur2zu7dvHxx2VJxKQtsk5rHshVhRzgRta6Y57SWS4ijktBtObgq/+0ilYrF40FlC/QiPBBsygrWRArumAgd5TCAvwnpMMM/vp4FddxrODGiZuCWpQ4lWYH95g5ikERWacKxU33US7edYakY4nVa9VNEEkwke0b6hAkdU+fks/BSdGGWAhrE0T2g0U39v5DhSKotCM1lEVIteIf7n9VM9vPJzJpJUU0Hmh4YpRzpGRRNowCQlmmeGYCKZyYrIGEtMtOmrakpwF7+8TDpnDfei4dyd15vXZR0VOIJjOAUXLqEJt9CCNhDI4Ble4c16sl6sd+tjPrpilTs1+APr8wcK+5Rj</latexit>

s0 2 S

<latexit sha1_base64="/3fbiffkiDlW/QWWqhuuDL89PR8=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCq5KIYnFVdOOyVnuBJpTJdNIOnVyYOVFK6Ku48VXcuFCkO/FlnLQBtfWHgZ/vnMOc83ux4Aos69NYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vA6q7cemFQ8Cu9hFDM3IP2Q+5wS0KhrVuqX2AkIDCgR6d0YO8ADpn5QWyPJ+wMgUkaPM+55aX3cNUtW2ZoKLxo7NyWUq9Y1J04voknAQqCCKNWxrRjclEjgVLBx0UkUiwkdkj7raBsSvYebTi8c42NNetiPpH4h4Cn9PZGSQKlR4OnObEM1X8vgf7VOAn7FTXkYJ8BCOvvITwSGCGdx4R6XjIIYaUOo5HpXTAdEEgo61KIOwZ4/edE0T8v2edm6PStVr/I4CugQHaETZKMLVEU3qIYaiKIn9ILe0LvxbLwaH8Zk1rpk5DMH6I+Mr29aS6RJ</latexit>

R : S ⇥ X ! R

<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R

rich soil

0.01 0.99

0.1

poor soil

0.9

plant:

rich soil

0.95 0.05

0.02

0.98

poor soil

fallow:

• e.g. R(rich, plant) = 100 
bushels; R(poor, plant) = 10 
bushels; R(rich, fallow) = 
R(poor, fallow) = 0 bushels



•     = set of possible 
states 

•     = set of possible 
actions 

•                                : 
transition model 

•                         : 
reward function

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

rich soil

0.01 0.99

0.1

poor soil

0.9

plant:

rich soil

0.95 0.05

0.02

0.98

poor soil

fallow:

= P(St = poor | St-1 = rich, At-1 = plant)  
= T(rich, plant, poor)

Markov Decision Process

<latexit sha1_base64="SZdh5QT1NTY7zEHN0WSihpxhBNI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseqF48VrC2koWy223bpZhN2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCanhUijeQoGSdxLNaRRK3g7Ht7nffuLaiFg94CThQUSHSgwEo2glvxtRHDEqs+tpr1pz6+4MZJl4BalBgWav+tXtxyyNuEImqTG+5yYYZFSjYJJPK93U8ISyMR1y31JFI26CbBZ5Sk6s0ieDWNunkMzU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSZUkiJXbP7RIJUEY5LfT/pCc4ZyYgllWtishI2opgxtSxVbgrd48jJ5PKt7F3X3/rzWuCnqKMMRHMMpeHAJDbiDJrSAQQzP8ApvDjovzrvzMR8tOcXOIfyB8/kDcaCRWw==</latexit>

A

<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R

<latexit sha1_base64="ZFXehC9pN9LL9osaL03Tl2lQj4k=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZUSyuqm5c1mov0JaSSdM2NJMZkjNKGfoqbnwVNy4U6U58GTPtgNr6Q+DnO+eQc34vFFyD43xamaXlldW17HpuY3Nre8fe3avpIFKUVWkgAtXwiGaCS1YFDoI1QsWI7wlW94bXSb3+wJTmgbyHUcjaPulL3uOUgEEdu1i5wC2fwIASEd+NcQu4z/QPujRI8f4AiFLB44x7XlwZd+y8U3CmwovGTU0epSp37EmrG9DIZxKoIFo3XSeEdkwUcCrYONeKNAsJHZI+axoridmjHU8vHOMjQ7q4FyjzJOAp/T0RE1/rke+ZzmRDPV9L4H+1ZgS9YjvmMoyASTr7qBcJDAFO4sJdrhgFMTKGUMXNrpgOiCIUTKg5E4I7f/KiqZ0U3LOCc3uaL12lcWTRATpEx8hF56iEblAZVRFFT+gFvaF369l6tT6syaw1Y6Uz++iPrK9vNUekMg==</latexit>

R : S ⇥A ! R

• A discount factor 

• e.g. R(rich, plant) = 100 
bushels; R(poor, plant) = 10 
bushels; R(rich, fallow) = 
R(poor, fallow) = 0 bushels

6

(basically)



•     = set of possible 
states 

•     = set of possible 
actions 

•                                : 
transition model 

•                         : 
reward function

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

rich soil

0.01 0.99

0.1

poor soil

0.9

plant:

rich soil

0.95 0.05

0.02

0.98

poor soil

fallow:

= P(St = poor | St-1 = rich, At-1 = plant)  
= T(rich, plant, poor)

Markov Decision Process

<latexit sha1_base64="SZdh5QT1NTY7zEHN0WSihpxhBNI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseqF48VrC2koWy223bpZhN2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCanhUijeQoGSdxLNaRRK3g7Ht7nffuLaiFg94CThQUSHSgwEo2glvxtRHDEqs+tpr1pz6+4MZJl4BalBgWav+tXtxyyNuEImqTG+5yYYZFSjYJJPK93U8ISyMR1y31JFI26CbBZ5Sk6s0ieDWNunkMzU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSZUkiJXbP7RIJUEY5LfT/pCc4ZyYgllWtishI2opgxtSxVbgrd48jJ5PKt7F3X3/rzWuCnqKMMRHMMpeHAJDbiDJrSAQQzP8ApvDjovzrvzMR8tOcXOIfyB8/kDcaCRWw==</latexit>

A

<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R

<latexit sha1_base64="ZFXehC9pN9LL9osaL03Tl2lQj4k=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZUSyuqm5c1mov0JaSSdM2NJMZkjNKGfoqbnwVNy4U6U58GTPtgNr6Q+DnO+eQc34vFFyD43xamaXlldW17HpuY3Nre8fe3avpIFKUVWkgAtXwiGaCS1YFDoI1QsWI7wlW94bXSb3+wJTmgbyHUcjaPulL3uOUgEEdu1i5wC2fwIASEd+NcQu4z/QPujRI8f4AiFLB44x7XlwZd+y8U3CmwovGTU0epSp37EmrG9DIZxKoIFo3XSeEdkwUcCrYONeKNAsJHZI+axoridmjHU8vHOMjQ7q4FyjzJOAp/T0RE1/rke+ZzmRDPV9L4H+1ZgS9YjvmMoyASTr7qBcJDAFO4sJdrhgFMTKGUMXNrpgOiCIUTKg5E4I7f/KiqZ0U3LOCc3uaL12lcWTRATpEx8hF56iEblAZVRFFT+gFvaF369l6tT6syaw1Y6Uz++iPrK9vNUekMg==</latexit>

R : S ⇥A ! R

• A discount factor 

• e.g. R(rich, plant) = 100 
bushels; R(poor, plant) = 10 
bushels; R(rich, fallow) = 
R(poor, fallow) = 0 bushels

6



•     = set of possible 
states 

•     = set of possible 
actions 

•                                : 
transition model 

•                         : 
reward function

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

rich soil

0.01 0.99

0.1

poor soil

0.9

plant:

rich soil

0.95 0.05

0.02

0.98

poor soil

fallow:

= P(St = poor | St-1 = rich, At-1 = plant)  
= T(rich, plant, poor)

Markov Decision Process

<latexit sha1_base64="SZdh5QT1NTY7zEHN0WSihpxhBNI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseqF48VrC2koWy223bpZhN2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCanhUijeQoGSdxLNaRRK3g7Ht7nffuLaiFg94CThQUSHSgwEo2glvxtRHDEqs+tpr1pz6+4MZJl4BalBgWav+tXtxyyNuEImqTG+5yYYZFSjYJJPK93U8ISyMR1y31JFI26CbBZ5Sk6s0ieDWNunkMzU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSZUkiJXbP7RIJUEY5LfT/pCc4ZyYgllWtishI2opgxtSxVbgrd48jJ5PKt7F3X3/rzWuCnqKMMRHMMpeHAJDbiDJrSAQQzP8ApvDjovzrvzMR8tOcXOIfyB8/kDcaCRWw==</latexit>

A

<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R

<latexit sha1_base64="ZFXehC9pN9LL9osaL03Tl2lQj4k=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZUSyuqm5c1mov0JaSSdM2NJMZkjNKGfoqbnwVNy4U6U58GTPtgNr6Q+DnO+eQc34vFFyD43xamaXlldW17HpuY3Nre8fe3avpIFKUVWkgAtXwiGaCS1YFDoI1QsWI7wlW94bXSb3+wJTmgbyHUcjaPulL3uOUgEEdu1i5wC2fwIASEd+NcQu4z/QPujRI8f4AiFLB44x7XlwZd+y8U3CmwovGTU0epSp37EmrG9DIZxKoIFo3XSeEdkwUcCrYONeKNAsJHZI+axoridmjHU8vHOMjQ7q4FyjzJOAp/T0RE1/rke+ZzmRDPV9L4H+1ZgS9YjvmMoyASTr7qBcJDAFO4sJdrhgFMTKGUMXNrpgOiCIUTKg5E4I7f/KiqZ0U3LOCc3uaL12lcWTRATpEx8hF56iEblAZVRFFT+gFvaF369l6tT6syaw1Y6Uz++iPrK9vNUekMg==</latexit>

R : S ⇥A ! R

• A discount factor 

• Definition: A policy                  
specifies which action to take 
in each state 

• Question 1: what’s the “value” 
of a policy? 

• Question 2: what’s the best 
policy?

<latexit sha1_base64="Ayteo4KEOr+dTwCWh8KGttz8ZDk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiSiKK6qblxWtA9oQplMp+3QyUyYmSgl5Bfc+CtuXCji1p07/8ZJG1BbD1w4nHMv994TRIwq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaSsQSkwYWTMh2gBRhlJOGppqRdiQJCgNGWsHoMvNbd0QqKvitHkfED9GA0z7FSBupa1e8iJ5BL0R6iBFLblLoSToYaiSluP/Rz9OuXXaqzgRwnrg5KYMc9a796fUEjkPCNWZIqY7rRNpPkNQUM5KWvFiRCOERGpCOoRyFRPnJ5KMUHhilB/tCmuIaTtTfEwkKlRqHgenMTlSzXib+53Vi3T/1E8qjWBOOp4v6MYNawCwe2KOSYM3GhiAsqbkV4iGSCGsTYsmE4M6+PE+ah1X3uOpcH5VrF3kcRbAH9kEFuOAE1MAVqIMGwOABPIEX8Go9Ws/Wm/U+bS1Y+cwu+APr4xvLUJ2j</latexit>

⇡ : S ! A

• e.g. R(rich, plant) = 100 
bushels; R(poor, plant) = 10 
bushels; R(rich, fallow) = 
R(poor, fallow) = 0 bushels

7



Expectation

8

• Suppose a random variable R has m possible values: 

• Example: a lottery pays          40*106 USD if you win 
and          -2 USD if you lose. 

• Question: if I could play this lottery a limitless number 
of times, how much could I expect to make each time 
I play, on average? 

• Suppose              with probability  
• So we always have  
• Example continued:          3.4*10-9  

• Then the expectation of R is 
• Example:             3.4*10-9 x 40*106 + (1 - 3.4*10-9) x -2

<latexit sha1_base64="902Wjs24a4V7bHs3fhT48C2OX4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPR5v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBXTo3Z</latexit>pi
<latexit sha1_base64="6r6HBWqBqJp7VnwH9iu6kOwK8Mg=">AAAB/3icbVC7SgNBFJ31GdfXqmBjMxgCVmFHRG0CQRvLCOYBSVxmJ7PJkJndZWZWCOsWfoiNjYUitv6Gjfoh9k4ehSYeuHA4517uvcePOVPadb+sufmFxaXl3Iq9ura+selsbddUlEhCqyTikWz4WFHOQlrVTHPaiCXFwue07vfPh379hkrFovBKD2LaFrgbsoARrI3kObstlQgvZSWUXacig7HHYAkiz8m7RXcEOEvQhOTLhe/Pj3u7W/Gc91YnIomgoSYcK9VEbqzbKZaaEU4zu5UoGmPSx13aNDTEgqp2Oro/gwWjdGAQSVOhhiP190SKhVID4ZtOgXVPTXtD8T+vmejgtJ2yME40Dcl4UZBwqCM4DAN2mKRE84EhmEhmboWkhyUm2kRmmxDQ9MuzpHZYRMfFo0uUL5+BMXJgD+yDA4DACSiDC1ABVUDALXgAT+DZurMerRfrddw6Z01mdsAfWG8/KY+ZTA==</latexit>Pm

i=1 pi = 1
<latexit sha1_base64="aWRnsjgwEOTmKlIHVrEdL6sBk0M=">AAAB7XicbZDLSgMxFIbPeK31VnWpSLAIrsqMiLoRim5ctmAv0A4lk2ba2EwyJBmhDF26d+NCEbe+Qp/Dnc/gS5heFtr6Q+Dj/88h55wg5kwb1/1yFhaXlldWM2vZ9Y3Nre3czm5Vy0QRWiGSS1UPsKacCVoxzHBajxXFUcBpLejdjPLaA1WaSXFn+jH1I9wRLGQEG2tV45aHrlArl3cL7lhoHrwp5IsHw/L34+Gw1Mp9NtuSJBEVhnCsdcNzY+OnWBlGOB1km4mmMSY93KENiwJHVPvpeNoBOrZOG4VS2ScMGru/O1Icad2PAlsZYdPVs9nI/C9rJCa89FMm4sRQQSYfhQlHRqLR6qjNFCWG9y1gopidFZEuVpgYe6CsPYI3u/I8VE8L3nnhrOzli9cwUQb24QhOwIMLKMItlKACBO7hCV7g1ZHOs/PmvE9KF5xpzx78kfPxAx97keQ=</latexit>p1 =

= -1.86 USD

<latexit sha1_base64="JFcB5cVjmFU67+CzldbvqRJGFNU="></latexit>

E[R] =
Pm

i=1 piri
<latexit sha1_base64="n3lL2G4szGLrOoMZlO5V8QQO6rw=">AAAB+HicbVDLSsNAFJ34rPXRqEs3Q4sgCCURUTdCUASXVewDklAm00k7dDIJMxMhhv6FOzcuFHHrp7jr3zhpu9DWAwOHc+7lnjlBwqhUljU2lpZXVtfWSxvlza3tnYq5u9eScSowaeKYxaITIEkY5aSpqGKkkwiCooCRdjC8Lvz2IxGSxvxBZQnxI9TnNKQYKS11zYoXITUIgvxm5N778LJr1qy6NQFcJPaM1Jyqd/w8drJG1/z2ejFOI8IVZkhK17YS5edIKIoZGZW9VJIE4SHqE1dTjiIi/XwSfAQPtdKDYSz04wpO1N8bOYqkzKJATxYx5bxXiP95bqrCCz+nPEkV4Xh6KEwZVDEsWoA9KghWLNMEYUF1VogHSCCsdFdlXYI9/+VF0jqp22f10zu75lyBKUrgAFTBEbDBOXDALWiAJsAgBS/gDbwbT8ar8WF8TkeXjNnOPvgD4+sHL9OVxA==</latexit>

E[R] =

<latexit sha1_base64="+8yod7wLT/6bT/9XdSzFIG2F7oc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1Hog10T3RK9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZuRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqESjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AK8CO0g==</latexit>

R = ri

<latexit sha1_base64="cAT2QQCxr0+L88ja1Cx69AdVT2c=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6EUrduGzBXqAdSibNtLGZZEgyQhn6Dm5cKOLWlW/hE7hz47OYXhba+kPg4//PIeecIOZMG9f9cjJLyyura9n13Mbm1vZOfnevrmWiCK0RyaVqBlhTzgStGWY4bcaK4ijgtBEMrsd5454qzaS4NcOY+hHuCRYygo216qrjoSvUyRfcojsRWgRvBoXSQfWbvZc/Kp38Z7srSRJRYQjHWrc8NzZ+ipVhhNNRrp1oGmMywD3asihwRLWfTqYdoWPrdFEolX3CoIn7uyPFkdbDKLCVETZ9PZ+Nzf+yVmLCSz9lIk4MFWT6UZhwZCQar466TFFi+NACJorZWRHpY4WJsQfK2SN48ysvQv206J0Xz6peoVSGqbJwCEdwAh5cQAluoAI1IHAHD/AEz450Hp0X53VamnFmPfvwR87bDxQ2kdw=</latexit>r1 =
<latexit sha1_base64="6DUzZieVoSVxBhHT51L1zoCl0+g=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6EUrduGzBXqAdSibNtLGZZEgyQhn6Dm5cKOLWlW/hE7hz47OYXhba+kPg4//PIeecIOZMG9f9cjJLyyura9n13Mbm1vZOfnevrmWiCK0RyaVqBlhTzgStGWY4bcaK4ijgtBEMrsd5454qzaS4NcOY+hHuCRYygo216qpziq5QJ19wi+5EaBG8GRRKB9Vv9l7+qHTyn+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy6LAEdV+Opl2hI6t00WhVPYJgybu744UR1oPo8BWRtj09Xw2Nv/LWokJL/2UiTgxVJDpR2HCkZFovDrqMkWJ4UMLmChmZ0WkjxUmxh4oZ4/gza+8CPXTondePKt6hVIZpsrCIRzBCXhwASW4gQrUgMAdPMATPDvSeXRenNdpacaZ9ezDHzlvPxW9kd0=</latexit>r2 =

<latexit sha1_base64="6sDvyRSHgsJqwGcad29t9d1XkCE=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwUUoiRV0W3bisYB/QhjCZTNqh8wgzk0IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57opRRbTzv2yltbG5t75R3K3v7B4dH7vFJR8tMYdLGkknVi5AmjArSNtQw0ksVQTxipBuN7+d+d0KUplI8mWlKAo6GgiYUI2Ol0HVV6NfggMXS6BpUIQ/dqlf3FoDrxC9IFRRohe7XIJY440QYzJDWfd9LTZAjZShmZFYZZJqkCI/RkPQtFYgTHeSLy2fwwioxTKSyJQxcqL8ncsS1nvLIdnJkRnrVm4v/ef3MJLdBTkWaGSLwclGSMWgknMcAY6oINmxqCcKK2lshHiGFsLFhVWwI/urL66RzVfev643HRrV5V8RRBmfgHFwCH9yAJngALdAGGEzAM3gFb07uvDjvzseyteQUM6fgD5zPHxj6kq4=</latexit>r1, . . . , rm



What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many growing seasons left)

I’m renting a field for h 
growing seasons. Then 
it will be destroyed to 

make a strip mall.

9



value of the 
policy with h 

steps left

What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many growing seasons left) 

•          : value (expected reward) with policy    starting at s
<latexit sha1_base64="rp3BB1r6ZPPmJ2nARtMHgT1kHco=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVRY9FLx4r2A9otyWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY30791iNVmknxYCYx9SM8FCxkBBsr9Zq9dJT1027Msoo+65fKbtWdAS0TLydlyFHvl766A0mSiApDONa647mx8VOsDCOcZsVuommMyRgPacdSgSOq/XR2dYZOrTJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/eZ3EhNd+ykScGCrIfFGYcGQkmkaABkxRYvjEEkwUs7ciMsIKE2ODKtoQvMWXl0nzvOpdVt37i3LtJo+jAMdwAhXw4ApqcAd1aAABBc/wCm/Ok/PivDsf89YVJ585gj9wPn8AYxCSbg==</latexit>

V h
⇡ (s) <latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

Dueling farmers!      : always plant;     : plant if rich, else fallow<latexit sha1_base64="SpOiSfGrB3GqPLeODDLUxoLy9rk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76aid92r1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKOrIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8ntW9i7p7f15r3BRxlOEIjuEUPLiEBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AkDmOhQ==</latexit>⇡A
<latexit sha1_base64="P4zZMrltAK12u1WHveqEH8R7bhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOpF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5/ZQPmoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9q7p7f1lrNIs4ynACp3AOHlxDA+6gBT4w4PAEL/DqSOfZeXPel60lp5g5hl9wPr4Bkb2Ohg==</latexit>⇡B

<latexit sha1_base64="ud5l2NW+wf9CihsPMxtX75nWQ6w="></latexit>

V 1
⇡A

(rich) = 100;V 1
⇡A

(poor) = 10;V 1
⇡B

(rich) = 100;V 1
⇡B

(poor) = 0

<latexit sha1_base64="nlA9vw6UELj1u4zuLQDr8thS0HM="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) +
P

s0 T (s,⇡(s), s
0) · V h�1

⇡ (s0)

value of the 
policy on this 

time step

(expected) value of 
the policy across 

all future time steps9



What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

• h: horizon (e.g. how many growing seasons left) 
•          : value (expected reward) with policy    starting at s

<latexit sha1_base64="rp3BB1r6ZPPmJ2nARtMHgT1kHco=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVRY9FLx4r2A9otyWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY30791iNVmknxYCYx9SM8FCxkBBsr9Zq9dJT1027Msoo+65fKbtWdAS0TLydlyFHvl766A0mSiApDONa647mx8VOsDCOcZsVuommMyRgPacdSgSOq/XR2dYZOrTJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/eZ3EhNd+ykScGCrIfFGYcGQkmkaABkxRYvjEEkwUs7ciMsIKE2ODKtoQvMWXl0nzvOpdVt37i3LtJo+jAMdwAhXw4ApqcAd1aAABBc/wCm/Ok/PivDsf89YVJ585gj9wPn8AYxCSbg==</latexit>

V h
⇡ (s) <latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

Dueling farmers!      : always plant;     : plant if rich, else fallow<latexit sha1_base64="SpOiSfGrB3GqPLeODDLUxoLy9rk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76aid92r1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKOrIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8ntW9i7p7f15r3BRxlOEIjuEUPLiEBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AkDmOhQ==</latexit>⇡A
<latexit sha1_base64="P4zZMrltAK12u1WHveqEH8R7bhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOpF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5/ZQPmoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9q7p7f1lrNIs4ynACp3AOHlxDA+6gBT4w4PAEL/DqSOfZeXPel60lp5g5hl9wPr4Bkb2Ohg==</latexit>⇡B

<latexit sha1_base64="ud5l2NW+wf9CihsPMxtX75nWQ6w="></latexit>

V 1
⇡A

(rich) = 100;V 1
⇡A

(poor) = 10;V 1
⇡B

(rich) = 100;V 1
⇡B

(poor) = 0

= 100 + (0.1)(100) + (0.9)(10) 
= 119

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="nlA9vw6UELj1u4zuLQDr8thS0HM="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) +
P

s0 T (s,⇡(s), s
0) · V h�1

⇡ (s0)

<latexit sha1_base64="HXZZt1xpcQPzAHzYYNNJhcIDwy0="></latexit>

V 2
⇡A

(rich) = R(rich,⇡A(rich)) + T (rich,⇡A(rich), rich)V
1
⇡A

(rich)
<latexit sha1_base64="e8thKTD8CRRaGGurLgr8yHOc7j4="></latexit>

+ T (rich,⇡A(rich), poor)V
1
⇡A

(poor)

9



What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

• h: horizon (e.g. how many growing seasons left) 
•          : value (expected reward) with policy    starting at s

<latexit sha1_base64="rp3BB1r6ZPPmJ2nARtMHgT1kHco=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVRY9FLx4r2A9otyWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY30791iNVmknxYCYx9SM8FCxkBBsr9Zq9dJT1027Msoo+65fKbtWdAS0TLydlyFHvl766A0mSiApDONa647mx8VOsDCOcZsVuommMyRgPacdSgSOq/XR2dYZOrTJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/eZ3EhNd+ykScGCrIfFGYcGQkmkaABkxRYvjEEkwUs7ciMsIKE2ODKtoQvMWXl0nzvOpdVt37i3LtJo+jAMdwAhXw4ApqcAd1aAABBc/wCm/Ok/PivDsf89YVJ585gj9wPn8AYxCSbg==</latexit>

V h
⇡ (s) <latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

Dueling farmers!      : always plant;     : plant if rich, else fallow<latexit sha1_base64="SpOiSfGrB3GqPLeODDLUxoLy9rk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76aid92r1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKOrIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8ntW9i7p7f15r3BRxlOEIjuEUPLiEBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AkDmOhQ==</latexit>⇡A
<latexit sha1_base64="P4zZMrltAK12u1WHveqEH8R7bhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOpF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5/ZQPmoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9q7p7f1lrNIs4ynACp3AOHlxDA+6gBT4w4PAEL/DqSOfZeXPel60lp5g5hl9wPr4Bkb2Ohg==</latexit>⇡B

<latexit sha1_base64="ud5l2NW+wf9CihsPMxtX75nWQ6w="></latexit>

V 1
⇡A

(rich) = 100;V 1
⇡A

(poor) = 10;V 1
⇡B

(rich) = 100;V 1
⇡B

(poor) = 0

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="nlA9vw6UELj1u4zuLQDr8thS0HM="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) +
P

s0 T (s,⇡(s), s
0) · V h�1

⇡ (s0)

<latexit sha1_base64="2iEnXDuL4FpEC9vBmcljz4gD2oI="></latexit>

V 2
⇡A

(rich) = 119;V 2
⇡A

(poor) = 29;V 2
⇡B

(rich) = 110;V 2
⇡B

(poor) = 90

Who wins?
• I.e. at least as good at all states and strictly better for at least one state

<latexit sha1_base64="iAKzuWnac93yAd3pRRt/x/GnywA="></latexit>

V 3
⇡A

(rich) = 138;V 3
⇡A

(poor) = 48;V 3
⇡B

(rich) = 192;V 3
⇡B

(poor) = 108

9



What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

• h: horizon (e.g. how many growing seasons left) 
•          : value (expected reward) with policy    starting at s

<latexit sha1_base64="rp3BB1r6ZPPmJ2nARtMHgT1kHco=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVRY9FLx4r2A9otyWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY30791iNVmknxYCYx9SM8FCxkBBsr9Zq9dJT1027Msoo+65fKbtWdAS0TLydlyFHvl766A0mSiApDONa647mx8VOsDCOcZsVuommMyRgPacdSgSOq/XR2dYZOrTJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/eZ3EhNd+ykScGCrIfFGYcGQkmkaABkxRYvjEEkwUs7ciMsIKE2ODKtoQvMWXl0nzvOpdVt37i3LtJo+jAMdwAhXw4ApqcAd1aAABBc/wCm/Ok/PivDsf89YVJ585gj9wPn8AYxCSbg==</latexit>

V h
⇡ (s) <latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

Dueling farmers!      : always plant;     : plant if rich, else fallow<latexit sha1_base64="SpOiSfGrB3GqPLeODDLUxoLy9rk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76aid92r1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKOrIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8ntW9i7p7f15r3BRxlOEIjuEUPLiEBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AkDmOhQ==</latexit>⇡A
<latexit sha1_base64="P4zZMrltAK12u1WHveqEH8R7bhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOpF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5/ZQPmoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9q7p7f1lrNIs4ynACp3AOHlxDA+6gBT4w4PAEL/DqSOfZeXPel60lp5g5hl9wPr4Bkb2Ohg==</latexit>⇡B

<latexit sha1_base64="ud5l2NW+wf9CihsPMxtX75nWQ6w="></latexit>

V 1
⇡A

(rich) = 100;V 1
⇡A

(poor) = 10;V 1
⇡B

(rich) = 100;V 1
⇡B

(poor) = 0

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="nlA9vw6UELj1u4zuLQDr8thS0HM="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) +
P

s0 T (s,⇡(s), s
0) · V h�1

⇡ (s0)

<latexit sha1_base64="2iEnXDuL4FpEC9vBmcljz4gD2oI="></latexit>

V 2
⇡A

(rich) = 119;V 2
⇡A

(poor) = 29;V 2
⇡B

(rich) = 110;V 2
⇡B

(poor) = 90

Who wins?
<latexit sha1_base64="9OJO13oiOo8YJ8hTGKfgRLm6994=">AAACE3icbZDLSgMxFIbPeK31NurSTbAI4qLMeEHBC7VuXFawF2iHIZOmbWjmQpIRytB3cOOruHGhiFs37nwbM+0g2vpD4M93ziE5vxdxJpVlfRkzs3PzC4u5pfzyyuraurmxWZNhLAitkpCHouFhSTkLaFUxxWkjEhT7Hqd1r3+d1uv3VEgWBndqEFHHx92AdRjBSiPX3G9FzL1Cl27Su7CHKL2Vz9AYnqfw8Ae6ZsEqWiOhaWNnpgCZKq752WqHJPZpoAjHUjZtK1JOgoVihNNhvhVLGmHSx13a1DbAPpVOMtppiHY1aaNOKPQJFBrR3xMJ9qUc+J7u9LHqyclaCv+rNWPVOXUSFkSxogEZP9SJOVIhSgNCbSYoUXygDSaC6b8i0sMCE6VjzOsQ7MmVp03toGgfF63bo0KpnMWRg23YgT2w4QRKcAMVqAKBB3iCF3g1Ho1n4814H7fOGNnMFvyR8fEN/sebtQ==</latexit>

⇡A >h=1 ⇡B ;⇡A <h=3 ⇡B ; Neither policy wins for h = 2
• I.e. at least as good at all states and strictly better for at least one state

<latexit sha1_base64="iAKzuWnac93yAd3pRRt/x/GnywA="></latexit>

V 3
⇡A

(rich) = 138;V 3
⇡A

(poor) = 48;V 3
⇡B

(rich) = 192;V 3
⇡B

(poor) = 108

9



What’s the value of a policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

• h: horizon (e.g. how many growing seasons left) 
•          : value (expected reward) with policy    starting at s

<latexit sha1_base64="rp3BB1r6ZPPmJ2nARtMHgT1kHco=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVRY9FLx4r2A9otyWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY30791iNVmknxYCYx9SM8FCxkBBsr9Zq9dJT1027Msoo+65fKbtWdAS0TLydlyFHvl766A0mSiApDONa647mx8VOsDCOcZsVuommMyRgPacdSgSOq/XR2dYZOrTJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/eZ3EhNd+ykScGCrIfFGYcGQkmkaABkxRYvjEEkwUs7ciMsIKE2ODKtoQvMWXl0nzvOpdVt37i3LtJo+jAMdwAhXw4ApqcAd1aAABBc/wCm/Ok/PivDsf89YVJ585gj9wPn8AYxCSbg==</latexit>

V h
⇡ (s) <latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

Dueling farmers!      : always plant;     : plant if rich, else fallow<latexit sha1_base64="SpOiSfGrB3GqPLeODDLUxoLy9rk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76aid92r1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKOrIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8ntW9i7p7f15r3BRxlOEIjuEUPLiEBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AkDmOhQ==</latexit>⇡A
<latexit sha1_base64="P4zZMrltAK12u1WHveqEH8R7bhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOpF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5/ZQPmoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9q7p7f1lrNIs4ynACp3AOHlxDA+6gBT4w4PAEL/DqSOfZeXPel60lp5g5hl9wPr4Bkb2Ohg==</latexit>⇡B

<latexit sha1_base64="ud5l2NW+wf9CihsPMxtX75nWQ6w="></latexit>

V 1
⇡A

(rich) = 100;V 1
⇡A

(poor) = 10;V 1
⇡B

(rich) = 100;V 1
⇡B

(poor) = 0

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="2iEnXDuL4FpEC9vBmcljz4gD2oI="></latexit>

V 2
⇡A

(rich) = 119;V 2
⇡A

(poor) = 29;V 2
⇡B

(rich) = 110;V 2
⇡B

(poor) = 90

Who wins?
<latexit sha1_base64="9OJO13oiOo8YJ8hTGKfgRLm6994=">AAACE3icbZDLSgMxFIbPeK31NurSTbAI4qLMeEHBC7VuXFawF2iHIZOmbWjmQpIRytB3cOOruHGhiFs37nwbM+0g2vpD4M93ziE5vxdxJpVlfRkzs3PzC4u5pfzyyuraurmxWZNhLAitkpCHouFhSTkLaFUxxWkjEhT7Hqd1r3+d1uv3VEgWBndqEFHHx92AdRjBSiPX3G9FzL1Cl27Su7CHKL2Vz9AYnqfw8Ae6ZsEqWiOhaWNnpgCZKq752WqHJPZpoAjHUjZtK1JOgoVihNNhvhVLGmHSx13a1DbAPpVOMtppiHY1aaNOKPQJFBrR3xMJ9qUc+J7u9LHqyclaCv+rNWPVOXUSFkSxogEZP9SJOVIhSgNCbSYoUXygDSaC6b8i0sMCE6VjzOsQ7MmVp03toGgfF63bo0KpnMWRg23YgT2w4QRKcAMVqAKBB3iCF3g1Ho1n4814H7fOGNnMFvyR8fEN/sebtQ==</latexit>

⇡A >h=1 ⇡B ;⇡A <h=3 ⇡B ; No policy wins for h = 2
• I.e. at least as good at all states and strictly better for at least one state

value of delayed gratification

could allow 

policy to depend 

on horizon (“non-

stationary”)

<latexit sha1_base64="NFyMsrnpO8pawxNoaRkHlpoTN/k="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡h(s)) +
P

s0 T (s,⇡h(s), s0) · V h�1
⇡ (s0)

9

<latexit sha1_base64="iAKzuWnac93yAd3pRRt/x/GnywA="></latexit>

V 3
⇡A

(rich) = 138;V 3
⇡A

(poor) = 48;V 3
⇡B

(rich) = 192;V 3
⇡B

(poor) = 108



What if I don’t stop farming?

• Problem: 1,000 bushels today > 1,000 bushels in ten years 
• A solution: discount factor  
• Value of 1 bushel after t time steps:     bushels 
• Example: What’s the value of 1 bushel per year forever?

<latexit sha1_base64="5RYY+IsOHQeZ4weiybVphsv5rN8=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASL4KrMiKKIi6IblxXsBdqhnEkzbWiSGZKMUMYufBU3LhRx62u4821M21lo6w+Bj/+cwzn5w4QzbTzv21lYXFpeWS2sFdc3Nre23Z3duo5TRWiNxDxWzRA05UzSmmGG02aiKIiQ00Y4uBnXGw9UaRbLezNMaCCgJ1nECBhrddz9dg+EgEvs4Ss8ZQt+xy15ZW8iPA9+DiWUq9pxv9rdmKSCSkM4aN3yvcQEGSjDCKejYjvVNAEygB5tWZQgqA6yyf0jfGSdLo5iZZ80eOL+nshAaD0Uoe0UYPp6tjY2/6u1UhNdBBmTSWqoJNNFUcqxifE4DNxlihLDhxaAKGZvxaQPCoixkRVtCP7sl+ehflL2z8re3Wmpcp3HUUAH6BAdIx+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq0LTj6zh/7I+fwBv4qT/A==</latexit>

� : 0 < � < 1
<latexit sha1_base64="hUTwyyQyBmAaikAQlzBKid2GviE=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWCbbTbt0N4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB2C4FBFvoEDJ24nmoALJW8HoZuq3nrg2Io7ucZxwX8EgEqFggFZqdwegFDxgr1xxq+4MdJl4OamQHPVe+avbj1mqeIRMgjEdz03Qz0CjYJJPSt3U8ATYCAa8Y2kEihs/m907oSdW6dMw1rYipDP190QGypixCmynAhyaRW8q/ud1Ugyv/ExESYo8YvNFYSopxnT6PO0LzRnKsSXAtLC3UjYEDQxtRCUbgrf48jJpnlW9i6p7d16pXedxFMkROSanxCOXpEZuSZ00CCOSPJNX8uY8Oi/Ou/Mxby04+cwh+QPn8wcVnY//</latexit>

�t

<latexit sha1_base64="05haGfh1Gjf0eeJusgKEg+KfPRE=">AAACSHicfZBLSwMxFIXv1Fetr1GXboJFqAhlpii6EYpuXFawD2hryaSZNjSZGZKMUIb+PDcu3fkb3LhQxJ1pO4htxQuBj3POJcnxIs6UdpwXK7O0vLK6ll3PbWxube/Yu3s1FcaS0CoJeSgbHlaUs4BWNdOcNiJJsfA4rXuD67Fff6BSsTC408OItgXuBcxnBGsjdexODV0iF52gVg8LgX/gvjRG0g21mg0U/g8fz6ZrHTvvFJ3JoEVwU8hDOpWO/dzqhiQWNNCEY6WarhPpdoKlZoTTUa4VKxphMsA92jQYYEFVO5kUMUJHRukiP5TmBBpN1N8bCRZKDYVnkgLrvpr3xuJfXjPW/kU7YUEUaxqQ6UV+zJEO0bhV1GWSEs2HBjCRzLwVkT6WmGjTfc6U4M5/eRFqpaJ7VnRuT/Plq7SOLBzAIRTAhXMoww1UoAoEHuEV3uHDerLerE/raxrNWOnOPsxMJvMNYKKqgg==</latexit>

V = 1 + � + �2 + · · · = 1 + �(1 + � + �2 + · · · ) = 1 + �V

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0
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value for all 
future

value 
on 
first 
time 
step

value 
after 
first 
time 
step



What if I don’t stop farming?

• Problem: 1,000 bushels today > 1,000 bushels in ten years 
• A solution: discount factor  
• Value of 1 bushel after t time steps:     bushels 
• Example: What’s the value of 1 bushel per year forever?

<latexit sha1_base64="5RYY+IsOHQeZ4weiybVphsv5rN8=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASL4KrMiKKIi6IblxXsBdqhnEkzbWiSGZKMUMYufBU3LhRx62u4821M21lo6w+Bj/+cwzn5w4QzbTzv21lYXFpeWS2sFdc3Nre23Z3duo5TRWiNxDxWzRA05UzSmmGG02aiKIiQ00Y4uBnXGw9UaRbLezNMaCCgJ1nECBhrddz9dg+EgEvs4Ss8ZQt+xy15ZW8iPA9+DiWUq9pxv9rdmKSCSkM4aN3yvcQEGSjDCKejYjvVNAEygB5tWZQgqA6yyf0jfGSdLo5iZZ80eOL+nshAaD0Uoe0UYPp6tjY2/6u1UhNdBBmTSWqoJNNFUcqxifE4DNxlihLDhxaAKGZvxaQPCoixkRVtCP7sl+ehflL2z8re3Wmpcp3HUUAH6BAdIx+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq0LTj6zh/7I+fwBv4qT/A==</latexit>

� : 0 < � < 1
<latexit sha1_base64="hUTwyyQyBmAaikAQlzBKid2GviE=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWCbbTbt0N4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB2C4FBFvoEDJ24nmoALJW8HoZuq3nrg2Io7ucZxwX8EgEqFggFZqdwegFDxgr1xxq+4MdJl4OamQHPVe+avbj1mqeIRMgjEdz03Qz0CjYJJPSt3U8ATYCAa8Y2kEihs/m907oSdW6dMw1rYipDP190QGypixCmynAhyaRW8q/ud1Ugyv/ExESYo8YvNFYSopxnT6PO0LzRnKsSXAtLC3UjYEDQxtRCUbgrf48jJpnlW9i6p7d16pXedxFMkROSanxCOXpEZuSZ00CCOSPJNX8uY8Oi/Ou/Mxby04+cwh+QPn8wcVnY//</latexit>

�t

<latexit sha1_base64="05haGfh1Gjf0eeJusgKEg+KfPRE=">AAACSHicfZBLSwMxFIXv1Fetr1GXboJFqAhlpii6EYpuXFawD2hryaSZNjSZGZKMUIb+PDcu3fkb3LhQxJ1pO4htxQuBj3POJcnxIs6UdpwXK7O0vLK6ll3PbWxube/Yu3s1FcaS0CoJeSgbHlaUs4BWNdOcNiJJsfA4rXuD67Fff6BSsTC408OItgXuBcxnBGsjdexODV0iF52gVg8LgX/gvjRG0g21mg0U/g8fz6ZrHTvvFJ3JoEVwU8hDOpWO/dzqhiQWNNCEY6WarhPpdoKlZoTTUa4VKxphMsA92jQYYEFVO5kUMUJHRukiP5TmBBpN1N8bCRZKDYVnkgLrvpr3xuJfXjPW/kU7YUEUaxqQ6UV+zJEO0bhV1GWSEs2HBjCRzLwVkT6WmGjTfc6U4M5/eRFqpaJ7VnRuT/Plq7SOLBzAIRTAhXMoww1UoAoEHuEV3uHDerLerE/raxrNWOnOPsxMJvMNYKKqgg==</latexit>

V = 1 + � + �2 + · · · = 1 + �(1 + � + �2 + · · · ) = 1 + �V
<latexit sha1_base64="BwDqIvWxVZm6xPel3ogPYYumwj8=">AAAB+3icbVBNSwMxEJ2tX7V+rfXoJViEerDuiqIXoejFYwX7Ae1SsmnahibZJcmKZelf8eJBEa/+EW/+G9N2D1p9MPB4b4aZeWHMmTae9+XklpZXVtfy64WNza3tHXe32NBRogitk4hHqhViTTmTtG6Y4bQVK4pFyGkzHN1M/eYDVZpF8t6MYxoIPJCszwg2Vuq6xQa6Qv5J2UfHqDPAQuCjrlvyKt4M6C/xM1KCDLWu+9npRSQRVBrCsdZt34tNkGJlGOF0UugkmsaYjPCAti2VWFAdpLPbJ+jQKj3Uj5QtadBM/TmRYqH1WIS2U2Az1IveVPzPayemfxmkTMaJoZLMF/UTjkyEpkGgHlOUGD62BBPF7K2IDLHCxNi4CjYEf/Hlv6RxWvHPK97dWal6ncWRh304gDL4cAFVuIUa1IHAIzzBC7w6E+fZeXPe5605J5vZg19wPr4BEwCR5A==</latexit>

V = 1/(1� �) E.g.
<latexit sha1_base64="kkkxo9ecjVhSSENXWqgPqhuik+Y=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilx2Yv6yZiUjFnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86l1W3fuLcu0mj6MAx3ACFfDgCmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nDxeJkIg=</latexit>

V⇡(s)
<latexit sha1_base64="56iubsv7pztuXY8o1Bc2nCXRGsM="></latexit>

V⇡(s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V⇡(s0)

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="51vV1GLHRe0mLeAd1j4b2tGR5uw=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCuKgZUbQLoejGZRV7gc5QzqRpG5rMDElGKaXv4MZXceNCEbdu3Pk2ppeFtv4Q+PKfc0jOHyaCa0PItzM3v7C4tJxZya6urW9sulvbFR2nirIyjUWsaiFoJnjEyoYbwWqJYiBDwaph92pYr94zpXkc3ZlewgIJ7Yi3OAVjrYZ76LdBSsAXmOQLBezf8nbHgFLxA65Y0zsieeINgZCGm7OXkfAseBPIoYlKDffLb8Y0lSwyVIDWdY8kJuiDMpwKNsj6qWYJ0C60Wd1iBJLpoD/aaYD3rdPErVjZExk8cn9P9EFq3ZOh7ZRgOnq6NjT/q9VT0zoP+jxKUsMiOn6olQpsYjwMCDe5YtSIngWgitu/YtoBBdTYGLM2BG965VmoHOe90zy5OckVLydxZNAu2kMHyENnqIiuUQmVEUWP6Bm9ojfnyXlx3p2PceucM5nZQX/kfP4A9/OZxA==</latexit>

� = 0.99 ) V = 1/0.01 = 100 bushels.
•         : expected reward with policy    starting at state s<latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡
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•      linear equations in      unknowns

What if I don’t stop farming?

• Problem: 1,000 bushels today > 1,000 bushels in ten years 
• A solution: discount factor  
• Value of 1 bushel after t time steps:     bushels 
• Example: What’s the value of 1 bushel per year forever?

<latexit sha1_base64="5RYY+IsOHQeZ4weiybVphsv5rN8=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASL4KrMiKKIi6IblxXsBdqhnEkzbWiSGZKMUMYufBU3LhRx62u4821M21lo6w+Bj/+cwzn5w4QzbTzv21lYXFpeWS2sFdc3Nre23Z3duo5TRWiNxDxWzRA05UzSmmGG02aiKIiQ00Y4uBnXGw9UaRbLezNMaCCgJ1nECBhrddz9dg+EgEvs4Ss8ZQt+xy15ZW8iPA9+DiWUq9pxv9rdmKSCSkM4aN3yvcQEGSjDCKejYjvVNAEygB5tWZQgqA6yyf0jfGSdLo5iZZ80eOL+nshAaD0Uoe0UYPp6tjY2/6u1UhNdBBmTSWqoJNNFUcqxifE4DNxlihLDhxaAKGZvxaQPCoixkRVtCP7sl+ehflL2z8re3Wmpcp3HUUAH6BAdIx+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq0LTj6zh/7I+fwBv4qT/A==</latexit>

� : 0 < � < 1
<latexit sha1_base64="hUTwyyQyBmAaikAQlzBKid2GviE=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWCbbTbt0N4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB2C4FBFvoEDJ24nmoALJW8HoZuq3nrg2Io7ucZxwX8EgEqFggFZqdwegFDxgr1xxq+4MdJl4OamQHPVe+avbj1mqeIRMgjEdz03Qz0CjYJJPSt3U8ATYCAa8Y2kEihs/m907oSdW6dMw1rYipDP190QGypixCmynAhyaRW8q/ud1Ugyv/ExESYo8YvNFYSopxnT6PO0LzRnKsSXAtLC3UjYEDQxtRCUbgrf48jJpnlW9i6p7d16pXedxFMkROSanxCOXpEZuSZ00CCOSPJNX8uY8Oi/Ou/Mxby04+cwh+QPn8wcVnY//</latexit>

�t

<latexit sha1_base64="05haGfh1Gjf0eeJusgKEg+KfPRE=">AAACSHicfZBLSwMxFIXv1Fetr1GXboJFqAhlpii6EYpuXFawD2hryaSZNjSZGZKMUIb+PDcu3fkb3LhQxJ1pO4htxQuBj3POJcnxIs6UdpwXK7O0vLK6ll3PbWxube/Yu3s1FcaS0CoJeSgbHlaUs4BWNdOcNiJJsfA4rXuD67Fff6BSsTC408OItgXuBcxnBGsjdexODV0iF52gVg8LgX/gvjRG0g21mg0U/g8fz6ZrHTvvFJ3JoEVwU8hDOpWO/dzqhiQWNNCEY6WarhPpdoKlZoTTUa4VKxphMsA92jQYYEFVO5kUMUJHRukiP5TmBBpN1N8bCRZKDYVnkgLrvpr3xuJfXjPW/kU7YUEUaxqQ6UV+zJEO0bhV1GWSEs2HBjCRzLwVkT6WmGjTfc6U4M5/eRFqpaJ7VnRuT/Plq7SOLBzAIRTAhXMoww1UoAoEHuEV3uHDerLerE/raxrNWOnOPsxMJvMNYKKqgg==</latexit>

V = 1 + � + �2 + · · · = 1 + �(1 + � + �2 + · · · ) = 1 + �V
<latexit sha1_base64="BwDqIvWxVZm6xPel3ogPYYumwj8=">AAAB+3icbVBNSwMxEJ2tX7V+rfXoJViEerDuiqIXoejFYwX7Ae1SsmnahibZJcmKZelf8eJBEa/+EW/+G9N2D1p9MPB4b4aZeWHMmTae9+XklpZXVtfy64WNza3tHXe32NBRogitk4hHqhViTTmTtG6Y4bQVK4pFyGkzHN1M/eYDVZpF8t6MYxoIPJCszwg2Vuq6xQa6Qv5J2UfHqDPAQuCjrlvyKt4M6C/xM1KCDLWu+9npRSQRVBrCsdZt34tNkGJlGOF0UugkmsaYjPCAti2VWFAdpLPbJ+jQKj3Uj5QtadBM/TmRYqH1WIS2U2Az1IveVPzPayemfxmkTMaJoZLMF/UTjkyEpkGgHlOUGD62BBPF7K2IDLHCxNi4CjYEf/Hlv6RxWvHPK97dWal6ncWRh304gDL4cAFVuIUa1IHAIzzBC7w6E+fZeXPe5605J5vZg19wPr4BEwCR5A==</latexit>

V = 1/(1� �) E.g.
•         : expected reward with policy    starting at state s

<latexit sha1_base64="kkkxo9ecjVhSSENXWqgPqhuik+Y=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilx2Yv6yZiUjFnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86l1W3fuLcu0mj6MAx3ACFfDgCmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nDxeJkIg=</latexit>

V⇡(s)
<latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

<latexit sha1_base64="56iubsv7pztuXY8o1Bc2nCXRGsM="></latexit>

V⇡(s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V⇡(s0)

<latexit sha1_base64="UgcpX6Jfz1lmV8y8XyBsXXR+39o=">AAAB9HicbVDLSsNAFL2pr1pfVZduQosgCCURRJdBNy4r2gc0oUymk3boZBJnJoWQ9i8ENy4UcevHuOvfOGm70NYDA4dz7uWeOX7MqFSWNTUKa+sbm1vF7dLO7t7+QfnwqCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3ib+60REZJG/FGlMfFC1Oc0oBgpLXljN0RqgBHLHibjbrlq1awZzFViL0jVqbjnz1MnrXfL324vwklIuMIMSdmxrVh5GRKKYkYmJTeRJEZ4iPqkoylHIZFeNgs9MU+10jODSOjHlTlTf29kKJQyDX09mWeUy14u/ud1EhVcexnlcaIIx/NDQcJMFZl5A2aPCoIVSzVBWFCd1cQDJBBWuqeSLsFe/vIqaV7U7MuadW9XnRuYowgnUIEzsOEKHLiDOjQAwxO8wBu8GyPj1fgwPuejBWOxcwx/YHz9AHQ0lYU=</latexit>

|S|
<latexit sha1_base64="UgcpX6Jfz1lmV8y8XyBsXXR+39o=">AAAB9HicbVDLSsNAFL2pr1pfVZduQosgCCURRJdBNy4r2gc0oUymk3boZBJnJoWQ9i8ENy4UcevHuOvfOGm70NYDA4dz7uWeOX7MqFSWNTUKa+sbm1vF7dLO7t7+QfnwqCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3ib+60REZJG/FGlMfFC1Oc0oBgpLXljN0RqgBHLHibjbrlq1awZzFViL0jVqbjnz1MnrXfL324vwklIuMIMSdmxrVh5GRKKYkYmJTeRJEZ4iPqkoylHIZFeNgs9MU+10jODSOjHlTlTf29kKJQyDX09mWeUy14u/ud1EhVcexnlcaIIx/NDQcJMFZl5A2aPCoIVSzVBWFCd1cQDJBBWuqeSLsFe/vIqaV7U7MuadW9XnRuYowgnUIEzsOEKHLiDOjQAwxO8wBu8GyPj1fgwPuejBWOxcwx/YHz9AHQ0lYU=</latexit>

|S|

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="51vV1GLHRe0mLeAd1j4b2tGR5uw=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCuKgZUbQLoejGZRV7gc5QzqRpG5rMDElGKaXv4MZXceNCEbdu3Pk2ppeFtv4Q+PKfc0jOHyaCa0PItzM3v7C4tJxZya6urW9sulvbFR2nirIyjUWsaiFoJnjEyoYbwWqJYiBDwaph92pYr94zpXkc3ZlewgIJ7Yi3OAVjrYZ76LdBSsAXmOQLBezf8nbHgFLxA65Y0zsieeINgZCGm7OXkfAseBPIoYlKDffLb8Y0lSwyVIDWdY8kJuiDMpwKNsj6qWYJ0C60Wd1iBJLpoD/aaYD3rdPErVjZExk8cn9P9EFq3ZOh7ZRgOnq6NjT/q9VT0zoP+jxKUsMiOn6olQpsYjwMCDe5YtSIngWgitu/YtoBBdTYGLM2BG965VmoHOe90zy5OckVLydxZNAu2kMHyENnqIiuUQmVEUWP6Bm9ojfnyXlx3p2PceucM5nZQX/kfP4A9/OZxA==</latexit>

� = 0.99 ) V = 1/0.01 = 100 bushels.

10



•      linear equations in      unknowns

What if I don’t stop farming?

• Problem: 1,000 bushels today > 1,000 bushels in ten years 
• A solution: discount factor  
• Value of 1 bushel after t time steps:     bushels 
• Example: What’s the value of 1 bushel per year forever?

<latexit sha1_base64="5RYY+IsOHQeZ4weiybVphsv5rN8=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASL4KrMiKKIi6IblxXsBdqhnEkzbWiSGZKMUMYufBU3LhRx62u4821M21lo6w+Bj/+cwzn5w4QzbTzv21lYXFpeWS2sFdc3Nre23Z3duo5TRWiNxDxWzRA05UzSmmGG02aiKIiQ00Y4uBnXGw9UaRbLezNMaCCgJ1nECBhrddz9dg+EgEvs4Ss8ZQt+xy15ZW8iPA9+DiWUq9pxv9rdmKSCSkM4aN3yvcQEGSjDCKejYjvVNAEygB5tWZQgqA6yyf0jfGSdLo5iZZ80eOL+nshAaD0Uoe0UYPp6tjY2/6u1UhNdBBmTSWqoJNNFUcqxifE4DNxlihLDhxaAKGZvxaQPCoixkRVtCP7sl+ehflL2z8re3Wmpcp3HUUAH6BAdIx+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq0LTj6zh/7I+fwBv4qT/A==</latexit>

� : 0 < � < 1
<latexit sha1_base64="hUTwyyQyBmAaikAQlzBKid2GviE=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWCbbTbt0N4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB2C4FBFvoEDJ24nmoALJW8HoZuq3nrg2Io7ucZxwX8EgEqFggFZqdwegFDxgr1xxq+4MdJl4OamQHPVe+avbj1mqeIRMgjEdz03Qz0CjYJJPSt3U8ATYCAa8Y2kEihs/m907oSdW6dMw1rYipDP190QGypixCmynAhyaRW8q/ud1Ugyv/ExESYo8YvNFYSopxnT6PO0LzRnKsSXAtLC3UjYEDQxtRCUbgrf48jJpnlW9i6p7d16pXedxFMkROSanxCOXpEZuSZ00CCOSPJNX8uY8Oi/Ou/Mxby04+cwh+QPn8wcVnY//</latexit>

�t

<latexit sha1_base64="05haGfh1Gjf0eeJusgKEg+KfPRE=">AAACSHicfZBLSwMxFIXv1Fetr1GXboJFqAhlpii6EYpuXFawD2hryaSZNjSZGZKMUIb+PDcu3fkb3LhQxJ1pO4htxQuBj3POJcnxIs6UdpwXK7O0vLK6ll3PbWxube/Yu3s1FcaS0CoJeSgbHlaUs4BWNdOcNiJJsfA4rXuD67Fff6BSsTC408OItgXuBcxnBGsjdexODV0iF52gVg8LgX/gvjRG0g21mg0U/g8fz6ZrHTvvFJ3JoEVwU8hDOpWO/dzqhiQWNNCEY6WarhPpdoKlZoTTUa4VKxphMsA92jQYYEFVO5kUMUJHRukiP5TmBBpN1N8bCRZKDYVnkgLrvpr3xuJfXjPW/kU7YUEUaxqQ6UV+zJEO0bhV1GWSEs2HBjCRzLwVkT6WmGjTfc6U4M5/eRFqpaJ7VnRuT/Plq7SOLBzAIRTAhXMoww1UoAoEHuEV3uHDerLerE/raxrNWOnOPsxMJvMNYKKqgg==</latexit>

V = 1 + � + �2 + · · · = 1 + �(1 + � + �2 + · · · ) = 1 + �V
<latexit sha1_base64="BwDqIvWxVZm6xPel3ogPYYumwj8=">AAAB+3icbVBNSwMxEJ2tX7V+rfXoJViEerDuiqIXoejFYwX7Ae1SsmnahibZJcmKZelf8eJBEa/+EW/+G9N2D1p9MPB4b4aZeWHMmTae9+XklpZXVtfy64WNza3tHXe32NBRogitk4hHqhViTTmTtG6Y4bQVK4pFyGkzHN1M/eYDVZpF8t6MYxoIPJCszwg2Vuq6xQa6Qv5J2UfHqDPAQuCjrlvyKt4M6C/xM1KCDLWu+9npRSQRVBrCsdZt34tNkGJlGOF0UugkmsaYjPCAti2VWFAdpLPbJ+jQKj3Uj5QtadBM/TmRYqH1WIS2U2Az1IveVPzPayemfxmkTMaJoZLMF/UTjkyEpkGgHlOUGD62BBPF7K2IDLHCxNi4CjYEf/Hlv6RxWvHPK97dWal6ncWRh304gDL4cAFVuIUa1IHAIzzBC7w6E+fZeXPe5605J5vZg19wPr4BEwCR5A==</latexit>

V = 1/(1� �) E.g.
•         : expected reward with policy    starting at state s

<latexit sha1_base64="kkkxo9ecjVhSSENXWqgPqhuik+Y=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilx2Yv6yZiUjFnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86l1W3fuLcu0mj6MAx3ACFfDgCmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nDxeJkIg=</latexit>

V⇡(s)
<latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

<latexit sha1_base64="56iubsv7pztuXY8o1Bc2nCXRGsM="></latexit>

V⇡(s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V⇡(s0)

<latexit sha1_base64="UgcpX6Jfz1lmV8y8XyBsXXR+39o=">AAAB9HicbVDLSsNAFL2pr1pfVZduQosgCCURRJdBNy4r2gc0oUymk3boZBJnJoWQ9i8ENy4UcevHuOvfOGm70NYDA4dz7uWeOX7MqFSWNTUKa+sbm1vF7dLO7t7+QfnwqCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3ib+60REZJG/FGlMfFC1Oc0oBgpLXljN0RqgBHLHibjbrlq1awZzFViL0jVqbjnz1MnrXfL324vwklIuMIMSdmxrVh5GRKKYkYmJTeRJEZ4iPqkoylHIZFeNgs9MU+10jODSOjHlTlTf29kKJQyDX09mWeUy14u/ud1EhVcexnlcaIIx/NDQcJMFZl5A2aPCoIVSzVBWFCd1cQDJBBWuqeSLsFe/vIqaV7U7MuadW9XnRuYowgnUIEzsOEKHLiDOjQAwxO8wBu8GyPj1fgwPuejBWOxcwx/YHz9AHQ0lYU=</latexit>

|S|
<latexit sha1_base64="UgcpX6Jfz1lmV8y8XyBsXXR+39o=">AAAB9HicbVDLSsNAFL2pr1pfVZduQosgCCURRJdBNy4r2gc0oUymk3boZBJnJoWQ9i8ENy4UcevHuOvfOGm70NYDA4dz7uWeOX7MqFSWNTUKa+sbm1vF7dLO7t7+QfnwqCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3ib+60REZJG/FGlMfFC1Oc0oBgpLXljN0RqgBHLHibjbrlq1awZzFViL0jVqbjnz1MnrXfL324vwklIuMIMSdmxrVh5GRKKYkYmJTeRJEZ4iPqkoylHIZFeNgs9MU+10jODSOjHlTlTf29kKJQyDX09mWeUy14u/ud1EhVcexnlcaIIx/NDQcJMFZl5A2aPCoIVSzVBWFCd1cQDJBBWuqeSLsFe/vIqaV7U7MuadW9XnRuYowgnUIEzsOEKHLiDOjQAwxO8wBu8GyPj1fgwPuejBWOxcwx/YHz9AHQ0lYU=</latexit>

|S|

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

<latexit sha1_base64="51vV1GLHRe0mLeAd1j4b2tGR5uw=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCuKgZUbQLoejGZRV7gc5QzqRpG5rMDElGKaXv4MZXceNCEbdu3Pk2ppeFtv4Q+PKfc0jOHyaCa0PItzM3v7C4tJxZya6urW9sulvbFR2nirIyjUWsaiFoJnjEyoYbwWqJYiBDwaph92pYr94zpXkc3ZlewgIJ7Yi3OAVjrYZ76LdBSsAXmOQLBezf8nbHgFLxA65Y0zsieeINgZCGm7OXkfAseBPIoYlKDffLb8Y0lSwyVIDWdY8kJuiDMpwKNsj6qWYJ0C60Wd1iBJLpoD/aaYD3rdPErVjZExk8cn9P9EFq3ZOh7ZRgOnq6NjT/q9VT0zoP+jxKUsMiOn6olQpsYjwMCDe5YtSIngWgitu/YtoBBdTYGLM2BG965VmoHOe90zy5OckVLydxZNAu2kMHyENnqIiuUQmVEUWP6Bm9ojfnyXlx3p2PceucM5nZQX/kfP4A9/OZxA==</latexit>

� = 0.99 ) V = 1/0.01 = 100 bushels.

Note: could use 

discount factor 

with finite 

horizon too

Note: now we’re 

considering only 

stationary policies 

(i.e. can’t change 

with horizon)

10



• Value of a policy    if we start in state s 
• Finite horizon (often assume discount factor    equals 1) 

• Infinite horizon (typically need to assume                ) 

2

Recall

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="SZdh5QT1NTY7zEHN0WSihpxhBNI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseqF48VrC2koWy223bpZhN2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCanhUijeQoGSdxLNaRRK3g7Ht7nffuLaiFg94CThQUSHSgwEo2glvxtRHDEqs+tpr1pz6+4MZJl4BalBgWav+tXtxyyNuEImqTG+5yYYZFSjYJJPK93U8ISyMR1y31JFI26CbBZ5Sk6s0ieDWNunkMzU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSZUkiJXbP7RIJUEY5LfT/pCc4ZyYgllWtishI2opgxtSxVbgrd48jJ5PKt7F3X3/rzWuCnqKMMRHMMpeHAJDbiDJrSAQQzP8ApvDjovzrvzMR8tOcXOIfyB8/kDcaCRWw==</latexit>

A
<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R
<latexit sha1_base64="ZFXehC9pN9LL9osaL03Tl2lQj4k=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZUSyuqm5c1mov0JaSSdM2NJMZkjNKGfoqbnwVNy4U6U58GTPtgNr6Q+DnO+eQc34vFFyD43xamaXlldW17HpuY3Nre8fe3avpIFKUVWkgAtXwiGaCS1YFDoI1QsWI7wlW94bXSb3+wJTmgbyHUcjaPulL3uOUgEEdu1i5wC2fwIASEd+NcQu4z/QPujRI8f4AiFLB44x7XlwZd+y8U3CmwovGTU0epSp37EmrG9DIZxKoIFo3XSeEdkwUcCrYONeKNAsJHZI+axoridmjHU8vHOMjQ7q4FyjzJOAp/T0RE1/rke+ZzmRDPV9L4H+1ZgS9YjvmMoyASTr7qBcJDAFO4sJdrhgFMTKGUMXNrpgOiCIUTKg5E4I7f/KiqZ0U3LOCc3uaL12lcWTRATpEx8hF56iEblAZVRFFT+gFvaF369l6tT6syaw1Y6Uz++iPrK9vNUekMg==</latexit>

R : S ⇥A ! R

<latexit sha1_base64="56iubsv7pztuXY8o1Bc2nCXRGsM="></latexit>

V⇡(s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V⇡(s0)

• Markov decision process: states   , actions    , 
transition model                                ,                     
reward function                         , discount factor <latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

• Policy                 : action to take in a state (nonstationary     ) 
<latexit sha1_base64="Ayteo4KEOr+dTwCWh8KGttz8ZDk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiSiKK6qblxWtA9oQplMp+3QyUyYmSgl5Bfc+CtuXCji1p07/8ZJG1BbD1w4nHMv994TRIwq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaSsQSkwYWTMh2gBRhlJOGppqRdiQJCgNGWsHoMvNbd0QqKvitHkfED9GA0z7FSBupa1e8iJ5BL0R6iBFLblLoSToYaiSluP/Rz9OuXXaqzgRwnrg5KYMc9a796fUEjkPCNWZIqY7rRNpPkNQUM5KWvFiRCOERGpCOoRyFRPnJ5KMUHhilB/tCmuIaTtTfEwkKlRqHgenMTlSzXib+53Vi3T/1E8qjWBOOp4v6MYNawCwe2KOSYM3GhiAsqbkV4iGSCGsTYsmE4M6+PE+ah1X3uOpcH5VrF3kcRbAH9kEFuOAE1MAVqIMGwOABPIEX8Go9Ws/Wm/U+bS1Y+cwu+APr4xvLUJ2j</latexit>

⇡ : S ! A

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

<latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡

<latexit sha1_base64="nkb8b0+IiTjW9y2Z3KUXnPkS+ck=">AAAB9XicbZA9SwNBEIbn4leMX1FLm8UgWIU7CWphEbSxjGA+IDnD3GaTLNm9O3b3lHDkf9hYKGLrf7Hz37hJrtDEFxYe3plhZt8gFlwb1/12ciura+sb+c3C1vbO7l5x/6Cho0RRVqeRiFQrQM0ED1ndcCNYK1YMZSBYMxjdTOvNR6Y0j8J7M46ZL3EQ8j6naKz14JIr0hmglGjB6xZLbtmdiSyDl0EJMtW6xa9OL6KJZKGhArVue25s/BSV4VSwSaGTaBYjHeGAtS2GKJn209nVE3JinR7pR8q+0JCZ+3siRan1WAa2U6IZ6sXa1Pyv1k5M/9JPeRgnhoV0vqifCGIiMo2A9Lhi1IixBaSK21sJHaJCamxQBRuCt/jlZWiclb3zcuWuUqpeZ3Hk4QiO4RQ8uIAq3EIN6kBBwTO8wpvz5Lw4787HvDXnZDOH8EfO5w/OypDH</latexit>

0 < � < 1

<latexit sha1_base64="sQzXOc8z92HQURO18zTrk+PQFhY="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V h�1

⇡ (s0)

<latexit sha1_base64="BoA1h1+vEDeW3XsbaexDiikaHTE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3R/1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AzPGOsQ==</latexit>⇡h
• horizon h (e.g. # 

planting seasons left) 



• Value of a policy    if we start in state s 
• Finite horizon (often assume discount factor    equals 1) 

• Infinite horizon (typically need to assume                ) 

• Next question: What’s the best policy?2

Recall

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="SZdh5QT1NTY7zEHN0WSihpxhBNI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseqF48VrC2koWy223bpZhN2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCanhUijeQoGSdxLNaRRK3g7Ht7nffuLaiFg94CThQUSHSgwEo2glvxtRHDEqs+tpr1pz6+4MZJl4BalBgWav+tXtxyyNuEImqTG+5yYYZFSjYJJPK93U8ISyMR1y31JFI26CbBZ5Sk6s0ieDWNunkMzU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSZUkiJXbP7RIJUEY5LfT/pCc4ZyYgllWtishI2opgxtSxVbgrd48jJ5PKt7F3X3/rzWuCnqKMMRHMMpeHAJDbiDJrSAQQzP8ApvDjovzrvzMR8tOcXOIfyB8/kDcaCRWw==</latexit>

A
<latexit sha1_base64="YKZkFy0C+ZcYtDpDQ4t5Bf7Ys/U=">AAACNHicbZDLSsNAFIYn9VbrrerSzWARXJVEFMVV1Y3gpmpv0IQymU7aoZMLMydKCX0oNz6IGxFcKOLWZ3DSBtTWHwZ+vnMOc87vRoIrMM0XIzc3v7C4lF8urKyurW8UN7caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDi7TevGNS8TCowTBijk96Afc4JaBRp3hVO8W2T6BPiUhuR9gG7jP1g85mUdolea8PRMrwfsJdN7kZdYols2yOhWeNlZkSylTtFJ/sbkhjnwVABVGqbZkROAmRwKlgo4IdKxYROiA91tY2IHoPJxkfPcJ7mnSxF0r9AsBj+nsiIb5SQ9/VnemGarqWwv9q7Ri8EyfhQRQDC+jkIy8WGEKcJoi7XDIKYqgNoZLrXTHtE0ko6JwLOgRr+uRZ0zgoW0dl8/qwVDnP4sijHbSL9pGFjlEFXaIqqiOKHtAzekPvxqPxanwYn5PWnJHNbKM/Mr6+Acz/rDE=</latexit>

T : S ⇥A⇥ S ! R
<latexit sha1_base64="ZFXehC9pN9LL9osaL03Tl2lQj4k=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZUSyuqm5c1mov0JaSSdM2NJMZkjNKGfoqbnwVNy4U6U58GTPtgNr6Q+DnO+eQc34vFFyD43xamaXlldW17HpuY3Nre8fe3avpIFKUVWkgAtXwiGaCS1YFDoI1QsWI7wlW94bXSb3+wJTmgbyHUcjaPulL3uOUgEEdu1i5wC2fwIASEd+NcQu4z/QPujRI8f4AiFLB44x7XlwZd+y8U3CmwovGTU0epSp37EmrG9DIZxKoIFo3XSeEdkwUcCrYONeKNAsJHZI+axoridmjHU8vHOMjQ7q4FyjzJOAp/T0RE1/rke+ZzmRDPV9L4H+1ZgS9YjvmMoyASTr7qBcJDAFO4sJdrhgFMTKGUMXNrpgOiCIUTKg5E4I7f/KiqZ0U3LOCc3uaL12lcWTRATpEx8hF56iEblAZVRFFT+gFvaF369l6tT6syaw1Y6Uz++iPrK9vNUekMg==</latexit>

R : S ⇥A ! R

<latexit sha1_base64="56iubsv7pztuXY8o1Bc2nCXRGsM="></latexit>

V⇡(s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V⇡(s0)

• Markov decision process: states   , actions    , 
transition model                                ,                     
reward function                         , discount factor <latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

• Policy                 : action to take in a state (nonstationary     ) 
<latexit sha1_base64="Ayteo4KEOr+dTwCWh8KGttz8ZDk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiSiKK6qblxWtA9oQplMp+3QyUyYmSgl5Bfc+CtuXCji1p07/8ZJG1BbD1w4nHMv994TRIwq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaSsQSkwYWTMh2gBRhlJOGppqRdiQJCgNGWsHoMvNbd0QqKvitHkfED9GA0z7FSBupa1e8iJ5BL0R6iBFLblLoSToYaiSluP/Rz9OuXXaqzgRwnrg5KYMc9a796fUEjkPCNWZIqY7rRNpPkNQUM5KWvFiRCOERGpCOoRyFRPnJ5KMUHhilB/tCmuIaTtTfEwkKlRqHgenMTlSzXib+53Vi3T/1E8qjWBOOp4v6MYNawCwe2KOSYM3GhiAsqbkV4iGSCGsTYsmE4M6+PE+ah1X3uOpcH5VrF3kcRbAH9kEFuOAE1MAVqIMGwOABPIEX8Go9Ws/Wm/U+bS1Y+cwu+APr4xvLUJ2j</latexit>

⇡ : S ! A

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

<latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡

<latexit sha1_base64="sQzXOc8z92HQURO18zTrk+PQFhY="></latexit>

V 0
⇡ (s) = 0;V h

⇡ (s) = R(s,⇡(s)) + �
P

s0 T (s,⇡(s), s
0)V h�1

⇡ (s0)
<latexit sha1_base64="nkb8b0+IiTjW9y2Z3KUXnPkS+ck=">AAAB9XicbZA9SwNBEIbn4leMX1FLm8UgWIU7CWphEbSxjGA+IDnD3GaTLNm9O3b3lHDkf9hYKGLrf7Hz37hJrtDEFxYe3plhZt8gFlwb1/12ciura+sb+c3C1vbO7l5x/6Cho0RRVqeRiFQrQM0ED1ndcCNYK1YMZSBYMxjdTOvNR6Y0j8J7M46ZL3EQ8j6naKz14JIr0hmglGjB6xZLbtmdiSyDl0EJMtW6xa9OL6KJZKGhArVue25s/BSV4VSwSaGTaBYjHeGAtS2GKJn209nVE3JinR7pR8q+0JCZ+3siRan1WAa2U6IZ6sXa1Pyv1k5M/9JPeRgnhoV0vqifCGIiMo2A9Lhi1IixBaSK21sJHaJCamxQBRuCt/jlZWiclb3zcuWuUqpeZ3Hk4QiO4RQ8uIAq3EIN6kBBwTO8wpvz5Lw4787HvDXnZDOH8EfO5w/OypDH</latexit>

0 < � < 1

<latexit sha1_base64="BoA1h1+vEDeW3XsbaexDiikaHTE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3R/1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AzPGOsQ==</latexit>⇡h
• horizon h (e.g. # 

planting seasons left) 

Exercise: what 
changes about 

the finite-horizon 
value formula 
when policy is 
non-stationary?

Exercise: why 
don’t we consider 

non-stationary 
policies in the 
infinite horizon 

case?



rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many planting seasons) 

•              : expected reward of starting at s, making action 
a, and then making the “best” action for the h-1 steps left 

• With Q, can find an optimal policy: 

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)

<latexit sha1_base64="YnKPoZbIZvU4ZMVC18BnPOq8QY8=">AAACOXicdVDNSgMxGMz6W+tf1aOXYBEUpGRFUShC0YvHClYLbS3ZNGtDs9kl+VYtS1/Li2/hTfDiQRGvvoDpuoJaHQhMZuYj+caLpDBAyIMzNj4xOTWdm8nPzs0vLBaWls9MGGvGayyUoa571HApFK+BAMnrkeY08CQ/93pHQ//8imsjQnUK/Yi3AnqphC8YBSu1C9WTC3ejCfwGdJBowbqDra9bJKmCwSY+wC4h5fz/QZ9KGV6nSVJuF4qkRFLgUeJmpIgyVNuF+2YnZHHAFTBJjWm4JIJWQjUIJvkg34wNjyjr0UvesFTRgJtWkm4+wOtW6WA/1PYowKn6fSKhgTH9wLPJgELX/PaG4l9eIwZ/v5UIFcXAFft8yI8lhhAPa8QdoTkD2beEMi3sXzHrUk0Z2LLztgT398qj5Gy75O6WyMlOsXKY1ZFDq2gNbSAX7aEKOkZVVEMM3aJH9IxenDvnyXl13j6jY042s4J+wHn/AE/OrJQ=</latexit>

Q1(rich, plant) = 100;Q1(rich, fallow) = 0;
<latexit sha1_base64="bsdI9o3t9WeRpWvYm7b3NsxpdXA=">AAACOHicfVDLSgMxFM3Ud31VXboJFkFByowoCiKIbtxZwdpCW0smzdjQTDIkd9Qy9LPc+BnuxI0LRdz6BabTQXzhgcDJOeeS3ONHghtw3QcnNzI6Nj4xOZWfnpmdmy8sLJ4bFWvKKlQJpWs+MUxwySrAQbBapBkJfcGqfvdo4FevmDZcyTPoRawZkkvJA04JWKlVOMmfXnhrDWA3oMMkUkr3Nz5vgkjor+N97Ll7/+QCIoS6ToNuq1B0S24K/Jt4GSmiDOVW4b7RVjQOmQQqiDF1z42gmRANnArWzzdiwyJCu+SS1S2VJGSmmaSL9/GqVdo4UNoeCThVv04kJDSmF/o2GRLomJ/eQPzLq8cQ7DYTLqMYmKTDh4JYYFB40CJuc80oiJ4lhGpu/4pph2hCwXadtyV4P1f+Tc43S952yT3dKh4cZnVMomW0gtaQh3bQATpGZVRBFN2iR/SMXpw758l5dd6G0ZyTzSyhb3DePwC/qqxd</latexit>

Q1(poor, plant) = 10;Q1(poor, fallow) = 0

What’s best?
<latexit sha1_base64="ggNpImhP+fGulr+7QpjwK0AG3ig="></latexit>

⇡⇤
1(s) = plant;⇡⇤

2(rich) = plant,⇡⇤
2(poor) = fallowAny s,

<latexit sha1_base64="P9AgmYRFNX0jmr8tJ29nBy0XpZk="></latexit>

Q0(s, a) = 0;Qh(s, a) = R(s, a) +
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

<latexit sha1_base64="HJNCeyZB05B5XRXKWz2cW5MGl8g="></latexit>

⇡⇤
h(s) = argmaxa Qh(s, a)

What’s the best policy? Finite horizon



rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many planting seasons) 

•              : expected reward of starting at s, making action 
a, and then making the “best” action for the h-1 steps left 

• With Q, can find an optimal policy: 

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)

<latexit sha1_base64="YnKPoZbIZvU4ZMVC18BnPOq8QY8=">AAACOXicdVDNSgMxGMz6W+tf1aOXYBEUpGRFUShC0YvHClYLbS3ZNGtDs9kl+VYtS1/Li2/hTfDiQRGvvoDpuoJaHQhMZuYj+caLpDBAyIMzNj4xOTWdm8nPzs0vLBaWls9MGGvGayyUoa571HApFK+BAMnrkeY08CQ/93pHQ//8imsjQnUK/Yi3AnqphC8YBSu1C9WTC3ejCfwGdJBowbqDra9bJKmCwSY+wC4h5fz/QZ9KGV6nSVJuF4qkRFLgUeJmpIgyVNuF+2YnZHHAFTBJjWm4JIJWQjUIJvkg34wNjyjr0UvesFTRgJtWkm4+wOtW6WA/1PYowKn6fSKhgTH9wLPJgELX/PaG4l9eIwZ/v5UIFcXAFft8yI8lhhAPa8QdoTkD2beEMi3sXzHrUk0Z2LLztgT398qj5Gy75O6WyMlOsXKY1ZFDq2gNbSAX7aEKOkZVVEMM3aJH9IxenDvnyXl13j6jY042s4J+wHn/AE/OrJQ=</latexit>

Q1(rich, plant) = 100;Q1(rich, fallow) = 0;
<latexit sha1_base64="bsdI9o3t9WeRpWvYm7b3NsxpdXA=">AAACOHicfVDLSgMxFM3Ud31VXboJFkFByowoCiKIbtxZwdpCW0smzdjQTDIkd9Qy9LPc+BnuxI0LRdz6BabTQXzhgcDJOeeS3ONHghtw3QcnNzI6Nj4xOZWfnpmdmy8sLJ4bFWvKKlQJpWs+MUxwySrAQbBapBkJfcGqfvdo4FevmDZcyTPoRawZkkvJA04JWKlVOMmfXnhrDWA3oMMkUkr3Nz5vgkjor+N97Ll7/+QCIoS6ToNuq1B0S24K/Jt4GSmiDOVW4b7RVjQOmQQqiDF1z42gmRANnArWzzdiwyJCu+SS1S2VJGSmmaSL9/GqVdo4UNoeCThVv04kJDSmF/o2GRLomJ/eQPzLq8cQ7DYTLqMYmKTDh4JYYFB40CJuc80oiJ4lhGpu/4pph2hCwXadtyV4P1f+Tc43S952yT3dKh4cZnVMomW0gtaQh3bQATpGZVRBFN2iR/SMXpw758l5dd6G0ZyTzSyhb3DePwC/qqxd</latexit>

Q1(poor, plant) = 10;Q1(poor, fallow) = 0

What’s best?
<latexit sha1_base64="ggNpImhP+fGulr+7QpjwK0AG3ig="></latexit>

⇡⇤
1(s) = plant;⇡⇤

2(rich) = plant,⇡⇤
2(poor) = fallowAny s,

<latexit sha1_base64="P9AgmYRFNX0jmr8tJ29nBy0XpZk="></latexit>

Q0(s, a) = 0;Qh(s, a) = R(s, a) +
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

<latexit sha1_base64="HJNCeyZB05B5XRXKWz2cW5MGl8g="></latexit>

⇡⇤
h(s) = argmaxa Qh(s, a)

What’s the best policy? Finite horizon

the discount 

factor goes here



rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

• h: horizon (e.g. how many planting seasons) 
•              : expected reward of starting at s, making action 

a, and then making the “best” action for the h-1 steps left 
• With Q, can find an optimal policy: 

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)

<latexit sha1_base64="YnKPoZbIZvU4ZMVC18BnPOq8QY8=">AAACOXicdVDNSgMxGMz6W+tf1aOXYBEUpGRFUShC0YvHClYLbS3ZNGtDs9kl+VYtS1/Li2/hTfDiQRGvvoDpuoJaHQhMZuYj+caLpDBAyIMzNj4xOTWdm8nPzs0vLBaWls9MGGvGayyUoa571HApFK+BAMnrkeY08CQ/93pHQ//8imsjQnUK/Yi3AnqphC8YBSu1C9WTC3ejCfwGdJBowbqDra9bJKmCwSY+wC4h5fz/QZ9KGV6nSVJuF4qkRFLgUeJmpIgyVNuF+2YnZHHAFTBJjWm4JIJWQjUIJvkg34wNjyjr0UvesFTRgJtWkm4+wOtW6WA/1PYowKn6fSKhgTH9wLPJgELX/PaG4l9eIwZ/v5UIFcXAFft8yI8lhhAPa8QdoTkD2beEMi3sXzHrUk0Z2LLztgT398qj5Gy75O6WyMlOsXKY1ZFDq2gNbSAX7aEKOkZVVEMM3aJH9IxenDvnyXl13j6jY042s4J+wHn/AE/OrJQ=</latexit>

Q1(rich, plant) = 100;Q1(rich, fallow) = 0;
<latexit sha1_base64="bsdI9o3t9WeRpWvYm7b3NsxpdXA=">AAACOHicfVDLSgMxFM3Ud31VXboJFkFByowoCiKIbtxZwdpCW0smzdjQTDIkd9Qy9LPc+BnuxI0LRdz6BabTQXzhgcDJOeeS3ONHghtw3QcnNzI6Nj4xOZWfnpmdmy8sLJ4bFWvKKlQJpWs+MUxwySrAQbBapBkJfcGqfvdo4FevmDZcyTPoRawZkkvJA04JWKlVOMmfXnhrDWA3oMMkUkr3Nz5vgkjor+N97Ll7/+QCIoS6ToNuq1B0S24K/Jt4GSmiDOVW4b7RVjQOmQQqiDF1z42gmRANnArWzzdiwyJCu+SS1S2VJGSmmaSL9/GqVdo4UNoeCThVv04kJDSmF/o2GRLomJ/eQPzLq8cQ7DYTLqMYmKTDh4JYYFB40CJuc80oiJ4lhGpu/4pph2hCwXadtyV4P1f+Tc43S952yT3dKh4cZnVMomW0gtaQh3bQATpGZVRBFN2iR/SMXpw758l5dd6G0ZyTzSyhb3DePwC/qqxd</latexit>

Q1(poor, plant) = 10;Q1(poor, fallow) = 0

What’s best?
<latexit sha1_base64="ggNpImhP+fGulr+7QpjwK0AG3ig="></latexit>

⇡⇤
1(s) = plant;⇡⇤

2(rich) = plant,⇡⇤
2(poor) = fallowAny s,

<latexit sha1_base64="P9AgmYRFNX0jmr8tJ29nBy0XpZk="></latexit>

Q0(s, a) = 0;Qh(s, a) = R(s, a) +
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

<latexit sha1_base64="HJNCeyZB05B5XRXKWz2cW5MGl8g="></latexit>

⇡⇤
h(s) = argmaxa Qh(s, a)

<latexit sha1_base64="TvhdeoO2sb1uaqElVaTVVTzG95I="></latexit>

Q2(rich, plant) = R(rich, plant) + T (rich, plant, rich)max
a0

Q1(rich, a0)
<latexit sha1_base64="SXUiGoGBiTAl8tFhRDKuLhUB9YA="></latexit>

+ T (rich, plant, poor)max
a0

Q1(poor, a0)

What’s the best policy? Finite horizon

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0



rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many planting seasons) 

•              : expected reward of starting at s, making action 
a, and then making the “best” action for the h-1 steps left 

• With Q, can find an optimal policy: 

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)

<latexit sha1_base64="YnKPoZbIZvU4ZMVC18BnPOq8QY8=">AAACOXicdVDNSgMxGMz6W+tf1aOXYBEUpGRFUShC0YvHClYLbS3ZNGtDs9kl+VYtS1/Li2/hTfDiQRGvvoDpuoJaHQhMZuYj+caLpDBAyIMzNj4xOTWdm8nPzs0vLBaWls9MGGvGayyUoa571HApFK+BAMnrkeY08CQ/93pHQ//8imsjQnUK/Yi3AnqphC8YBSu1C9WTC3ejCfwGdJBowbqDra9bJKmCwSY+wC4h5fz/QZ9KGV6nSVJuF4qkRFLgUeJmpIgyVNuF+2YnZHHAFTBJjWm4JIJWQjUIJvkg34wNjyjr0UvesFTRgJtWkm4+wOtW6WA/1PYowKn6fSKhgTH9wLPJgELX/PaG4l9eIwZ/v5UIFcXAFft8yI8lhhAPa8QdoTkD2beEMi3sXzHrUk0Z2LLztgT398qj5Gy75O6WyMlOsXKY1ZFDq2gNbSAX7aEKOkZVVEMM3aJH9IxenDvnyXl13j6jY042s4J+wHn/AE/OrJQ=</latexit>

Q1(rich, plant) = 100;Q1(rich, fallow) = 0;
<latexit sha1_base64="bsdI9o3t9WeRpWvYm7b3NsxpdXA=">AAACOHicfVDLSgMxFM3Ud31VXboJFkFByowoCiKIbtxZwdpCW0smzdjQTDIkd9Qy9LPc+BnuxI0LRdz6BabTQXzhgcDJOeeS3ONHghtw3QcnNzI6Nj4xOZWfnpmdmy8sLJ4bFWvKKlQJpWs+MUxwySrAQbBapBkJfcGqfvdo4FevmDZcyTPoRawZkkvJA04JWKlVOMmfXnhrDWA3oMMkUkr3Nz5vgkjor+N97Ll7/+QCIoS6ToNuq1B0S24K/Jt4GSmiDOVW4b7RVjQOmQQqiDF1z42gmRANnArWzzdiwyJCu+SS1S2VJGSmmaSL9/GqVdo4UNoeCThVv04kJDSmF/o2GRLomJ/eQPzLq8cQ7DYTLqMYmKTDh4JYYFB40CJuc80oiJ4lhGpu/4pph2hCwXadtyV4P1f+Tc43S952yT3dKh4cZnVMomW0gtaQh3bQATpGZVRBFN2iR/SMXpw758l5dd6G0ZyTzSyhb3DePwC/qqxd</latexit>

Q1(poor, plant) = 10;Q1(poor, fallow) = 0

What’s best?
<latexit sha1_base64="ggNpImhP+fGulr+7QpjwK0AG3ig="></latexit>

⇡⇤
1(s) = plant;⇡⇤

2(rich) = plant,⇡⇤
2(poor) = fallowAny s,

<latexit sha1_base64="P9AgmYRFNX0jmr8tJ29nBy0XpZk="></latexit>

Q0(s, a) = 0;Qh(s, a) = R(s, a) +
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

<latexit sha1_base64="HJNCeyZB05B5XRXKWz2cW5MGl8g="></latexit>

⇡⇤
h(s) = argmaxa Qh(s, a)

<latexit sha1_base64="BP25xhgish9dptiGI8G2VKVuxaQ="></latexit>

Q2(rich, plant) = 100 + (0.1)(100)
<latexit sha1_base64="x+dEH2hGF2S2Odz2TvvxAC5lL5w=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQIpREFO1CKLpxWcE+oB1KJs20oZnMkGSEMhT8FTcuFHHrd7jzb0zbWWjrgQuHc+7l3nv8WHBtEPp2lpZXVtfWcxv5za3tnV13b7+ho0RRVqeRiFTLJ5oJLlndcCNYK1aMhL5gTX94O/Gbj0xpHskHM4qZF5K+5AGnxFip6x6mY3gKi6hcKcEiRiV4DTGudN0CKqMp4CLBGSmADLWu+9XpRTQJmTRUEK3bGMXGS4kynAo2zncSzWJCh6TP2pZKEjLtpdPzx/DEKj0YRMqWNHCq/p5ISaj1KPRtZ0jMQM97E/E/r52Y4MpLuYwTwySdLQoSAU0EJ1nAHleMGjGyhFDF7a2QDogi1NjE8jYEPP/yImmclfFFGd2fF6o3WRw5cASOQRFgcAmq4A7UQB1QkIJn8ArenCfnxXl3PmatS042cwD+wPn8AR0IkbY=</latexit>

+ (0.9)(10) = 119

What’s the best policy? Finite horizon



rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0• h: horizon (e.g. how many planting seasons) 

•              : expected reward of starting at s, making action 
a, and then making the “best” action for the h-1 steps left 

• With Q, can find an optimal policy: 

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)

<latexit sha1_base64="YnKPoZbIZvU4ZMVC18BnPOq8QY8=">AAACOXicdVDNSgMxGMz6W+tf1aOXYBEUpGRFUShC0YvHClYLbS3ZNGtDs9kl+VYtS1/Li2/hTfDiQRGvvoDpuoJaHQhMZuYj+caLpDBAyIMzNj4xOTWdm8nPzs0vLBaWls9MGGvGayyUoa571HApFK+BAMnrkeY08CQ/93pHQ//8imsjQnUK/Yi3AnqphC8YBSu1C9WTC3ejCfwGdJBowbqDra9bJKmCwSY+wC4h5fz/QZ9KGV6nSVJuF4qkRFLgUeJmpIgyVNuF+2YnZHHAFTBJjWm4JIJWQjUIJvkg34wNjyjr0UvesFTRgJtWkm4+wOtW6WA/1PYowKn6fSKhgTH9wLPJgELX/PaG4l9eIwZ/v5UIFcXAFft8yI8lhhAPa8QdoTkD2beEMi3sXzHrUk0Z2LLztgT398qj5Gy75O6WyMlOsXKY1ZFDq2gNbSAX7aEKOkZVVEMM3aJH9IxenDvnyXl13j6jY042s4J+wHn/AE/OrJQ=</latexit>

Q1(rich, plant) = 100;Q1(rich, fallow) = 0;
<latexit sha1_base64="bsdI9o3t9WeRpWvYm7b3NsxpdXA=">AAACOHicfVDLSgMxFM3Ud31VXboJFkFByowoCiKIbtxZwdpCW0smzdjQTDIkd9Qy9LPc+BnuxI0LRdz6BabTQXzhgcDJOeeS3ONHghtw3QcnNzI6Nj4xOZWfnpmdmy8sLJ4bFWvKKlQJpWs+MUxwySrAQbBapBkJfcGqfvdo4FevmDZcyTPoRawZkkvJA04JWKlVOMmfXnhrDWA3oMMkUkr3Nz5vgkjor+N97Ll7/+QCIoS6ToNuq1B0S24K/Jt4GSmiDOVW4b7RVjQOmQQqiDF1z42gmRANnArWzzdiwyJCu+SS1S2VJGSmmaSL9/GqVdo4UNoeCThVv04kJDSmF/o2GRLomJ/eQPzLq8cQ7DYTLqMYmKTDh4JYYFB40CJuc80oiJ4lhGpu/4pph2hCwXadtyV4P1f+Tc43S952yT3dKh4cZnVMomW0gtaQh3bQATpGZVRBFN2iR/SMXpw758l5dd6G0ZyTzSyhb3DePwC/qqxd</latexit>

Q1(poor, plant) = 10;Q1(poor, fallow) = 0

What’s best? Any s,

<latexit sha1_base64="P9AgmYRFNX0jmr8tJ29nBy0XpZk="></latexit>

Q0(s, a) = 0;Qh(s, a) = R(s, a) +
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

<latexit sha1_base64="HJNCeyZB05B5XRXKWz2cW5MGl8g="></latexit>

⇡⇤
h(s) = argmaxa Qh(s, a)

<latexit sha1_base64="gkd1WYniBmOfSOlhUBRAD+cFuR4="></latexit>

Q2(rich, plant) = 119;Q2(rich, fallow) = 91;
<latexit sha1_base64="0J51HwMD9BUg+pa6xqy7ZGQCAOE=">AAACOHicdVDLSgMxFM34rPU16tJNsAgKUmaKoiJC0Y07W7C20NaSSTM2mEmG5I5ahn6WGz/DnbhxoYhbv8C0FvF5IHByzrkk9wSx4AY8794ZGR0bn5jMTGWnZ2bn5t2FxVOjEk1ZhSqhdC0ghgkuWQU4CFaLNSNRIFg1uDjs+9VLpg1X8gS6MWtG5FzykFMCVmq5x+WzwloD2DXoKI2V0r2Nz5sgEnrreB8Xdvey/+dCIoS6GgR3/Zab8/LeAPg38Yckh4Yotdy7RlvRJGISqCDG1H0vhmZKNHAqWC/bSAyLCb0g56xuqSQRM810sHgPr1qljUOl7ZGAB+rXiZRExnSjwCYjAh3z0+uLf3n1BMKdZsplnACT9OOhMBEYFO63iNtcMwqiawmhmtu/YtohmlCwXWdtCf7PlX+T00Le38p75c1c8WBYRwYtoxW0hny0jYroCJVQBVF0gx7QE3p2bp1H58V5/YiOOMOZJfQNzts7Nj+smQ==</latexit>

Q2(poor, plant) = 29;Q2(poor, fallow) = 91
<latexit sha1_base64="ggNpImhP+fGulr+7QpjwK0AG3ig="></latexit>

⇡⇤
1(s) = plant;⇡⇤

2(rich) = plant,⇡⇤
2(poor) = fallow

“finite-horizon 
value iteration”

There can be more 
than one optimal 

policy. Exercise: give 
a concrete example.

The optimal 
policy can be 
non-stationary.

What’s the best policy? Finite horizon
Compare………..          
to………. How are 
they different? In 

what special cases 
will they return the 

same number?

<latexit sha1_base64="t6c0os9KbvUXzTINIt7+TE8d20Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxBfsB7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFvRnH1I/wQLCQEWys1K4/DMv6DJ/2iiW34s6AlomXkRJkqPWKX92+JElEhSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KBI6r9dHbvBJ1YpY9CqWwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/2UiTgxVJD5ojDhyEg0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk+Z5xbusuPWLUvUmiyMPR3AMZfDgCqpwBzVoAAEOz/AKb86j8+K8Ox/z1pyTzRzCHzifP+MSjzY=</latexit>

Qh(s, a)
<latexit sha1_base64="wkWSuKNCZtfz7lBdDAbphJ+zxEo=">AAAB9XicbVDLSsNAFL3xWeur6tJNaBEqQklE1GXQjcsK9gFNWibTSTt0MgkzEyWE/IULNy4Uceu/uOvfOH0stPXAhcM593LvPX7MqFSWNTZWVtfWNzYLW8Xtnd29/dLBYVNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uh24rceiZA04g8qjYkXogGnAcVIaanb7GbDvJe5Mc2r8rRXqlg1awpzmdhzUnHK7tnz2EnrvdK3249wEhKuMENSdmwrVl6GhKKYkbzoJpLECI/QgHQ05Sgk0sumV+fmiVb6ZhAJXVyZU/X3RIZCKdPQ150hUkO56E3E/7xOooJrL6M8ThTheLYoSJipInMSgdmngmDFUk0QFlTfauIhEggrHVRRh2AvvrxMmuc1+7J2cW9XnBuYoQDHUIYq2HAFDtxBHRqAQcALvMG78WS8Gh/G56x1xZjPHMEfGF8/f6WVfw==</latexit>

V h
⇡ (s)



What’s the best policy? Infinite horizon

• What if I don’t stop farming? Is there any optimal policy?

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

4

Recall farmer A and 
farmer B from last time



What’s the best policy? Infinite horizon

• What if I don’t stop farming? Is there any optimal policy? 
• Theorem. There exists a (stationary) optimal policy    . I.e., 

for every policy    and for every state          ,

<latexit sha1_base64="vKui/acWKbSZM4+cOOXcaV74TIU=">AAAB7HicbZDLSgMxFIbP1Fsdb1WXboJFEBdlRhDdiEU3Lis4baEdSybNtKGZTEgyQil9BjcuFHEl+Cru3YhvY3pZaOsPgY//P4eccyLJmTae9+3kFhaXllfyq+7a+sbmVmF7p6rTTBEakJSnqh5hTTkTNDDMcFqXiuIk4rQW9a5Gee2eKs1ScWv6koYJ7ggWM4KNtYKmZHdHrULRK3ljoXnwp1C8+HDP5duXW2kVPpvtlGQJFYZwrHXD96QJB1gZRjgdus1MU4lJD3dow6LACdXhYDzsEB1Yp43iVNknDBq7vzsGONG6n0S2MsGmq2ezkflf1shMfBYOmJCZoYJMPoozjkyKRpujNlOUGN63gIlidlZEulhhYux9XHsEf3bleagel/yTknfjF8uXMFEe9mAfDsGHUyjDNVQgAAIMHuAJnh3hPDovzuukNOdMe3bhj5z3H8uvkas=</latexit>

⇡⇤
<latexit sha1_base64="oMKigNas0rdcm1+IyPhQih1LZMA=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBKkbsejGZUV7gXYomTTThmYyIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845oeRMG8/7dnJLyyura/l1d2Nza3unsLtX10mqCK2RhCeqGWJNORO0ZpjhtCkVxXHIaSMcXI3zxj1VmiXizgwlDWLcEyxiBBtr3bYl6xSKXsmbCC2CP4PixYd7Lt++3Gqn8NnuJiSNqTCEY61bvidNkGFlGOF05LZTTSUmA9yjLYsCx1QH2WTUETqyThdFibJPGDRxf3dkONZ6GIe2Msamr+ezsflf1kpNdBZkTMjUUEGmH0UpRyZB471RlylKDB9awEQxOysifawwMfY6rj2CP7/yItRPSv5pybvxi5VLmCoPB3AIx+BDGSpwDVWoAYEePMATPDvceXRenNdpac6Z9ezDHznvP7DmkQ8=</latexit>⇡

<latexit sha1_base64="CO5QR38HRCsNtIkVegBJk5WmxE4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPoxmVF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5yv31PpWKxuNPjhPoRHggWMoK1kXp2RSGPCeRFWA8J5tntpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05N261fglTlOAADuEYXDiDOlxDA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AblUl1k=</latexit>

s 2 S
<latexit sha1_base64="Icc5PeyngjYh0VncZIdYuf84KPk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIVaEkgugy6MZlBZsWmhgm02k7dDIJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDA+eecy937gkTRqWyrJFRWFpeWV0rrpc2Nre2d8zdPVfGqcCkgWMWi1aIJGGUk4aiipFWIgiKQkaa4eB67DcfiJA05ncqS4gfoR6nXYqR0lJgHrhB7iX0/mRYlcfQ6xHoBrrWRWBWrJo1AVwk9oxUnLJ3+jxysnpgfnudGKcR4QozJGXbthLl50goihkZlrxUkgThAeqRtqYcRUT6+eSEITzSSgd2Y6EfV3Ci/p7IUSRlFoW6M0KqL+e9sfif105V99LPKU9SRTieLuqmDKoYjvOAHSoIVizTBGFB9V8h7iOBsNKplXQI9vzJi8Q9q9nnNevWrjhXYIoiOARlUAU2uAAOuAF10AAYPIIX8AbejSfj1fgwPqetBWM2sw/+wPj6ASx6mPk=</latexit>

V⇡⇤(s) � V⇡(s)

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

4

Two (or more) policies 
can have the same (best) 
value for all states and all 

be optimal



What’s the best policy? Infinite horizon

• What if I don’t stop farming? Is there any optimal policy? 
• Theorem. There exists a (stationary) optimal policy    . I.e., 

for every policy    and for every state          , 
•              : expected reward if we make best actions in future 

• If we knew              , then: 
• Note: 

• Not linear in              , so not as easy to solve as 

<latexit sha1_base64="wQ+UfB7Bnx86e48rz8/CPe7bqv8=">AAAB73icbZDLSgMxFIbP1Futt6pLN6FFqBfKjCC6HHTjsgV7gXYsmTTThmYyY5IRhtKXEMGFIm59HXd9G9PLQlt/CHz8/znknOPHnClt22Mrs7K6tr6R3cxtbe/s7uX3D+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ae3k7zxRKVikbjXaUy9EPcECxjB2ljN6sNpSZ3jk06+aJftqdAyOHMouoX22cvYTSud/He7G5EkpEITjpVqOXasvSGWmhFOR7l2omiMyQD3aMugwCFV3nA67wgdG6eLgkiaJzSaur87hjhUKg19Uxli3VeL2cT8L2slOrj2hkzEiaaCzD4KEo50hCbLoy6TlGieGsBEMjMrIn0sMdHmRDlzBGdx5WWoX5Sdy7JddYruDcyUhSMoQAkcuAIX7qACNSDA4Rne4N16tF6tD+tzVpqx5j2H8EfW1w+e3ZIE</latexit>

Q⇤(s, a)

<latexit sha1_base64="PynpMBMypcBkJ9ndcifsRvIIcNk="></latexit>

Q⇤(s, a) = R(s, a) + �
P

s0 T (s, a, s
0)maxa0 Q⇤(s0, a0)

<latexit sha1_base64="wQ+UfB7Bnx86e48rz8/CPe7bqv8=">AAAB73icbZDLSgMxFIbP1Futt6pLN6FFqBfKjCC6HHTjsgV7gXYsmTTThmYyY5IRhtKXEMGFIm59HXd9G9PLQlt/CHz8/znknOPHnClt22Mrs7K6tr6R3cxtbe/s7uX3D+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ae3k7zxRKVikbjXaUy9EPcECxjB2ljN6sNpSZ3jk06+aJftqdAyOHMouoX22cvYTSud/He7G5EkpEITjpVqOXasvSGWmhFOR7l2omiMyQD3aMugwCFV3nA67wgdG6eLgkiaJzSaur87hjhUKg19Uxli3VeL2cT8L2slOrj2hkzEiaaCzD4KEo50hCbLoy6TlGieGsBEMjMrIn0sMdHmRDlzBGdx5WWoX5Sdy7JddYruDcyUhSMoQAkcuAIX7qACNSDA4Rne4N16tF6tD+tzVpqx5j2H8EfW1w+e3ZIE</latexit>

Q⇤(s, a)
<latexit sha1_base64="HYZMT8ctihBSj2PpXgUL5PsnarY=">AAACCHicbVC7SgNBFJ31GeNr1dLCIUFIVMKuINoIizaWCZgHZGO4O5kkQ2YfzMyKIaS0sfYvbCwUsfUT7PI3ziYpNPHAhcM593LvPV7EmVSWNTIWFpeWV1ZTa+n1jc2tbXNntyLDWBBaJiEPRc0DSTkLaFkxxWktEhR8j9Oq17tO/Oo9FZKFwa3qR7ThQydgbUZAaalpHrgRuzvKyTy+xC6IDnZ9eGgCLiXiCeSbZtYqWGPgeWJPSdbJuMfPI6dfbJrfbisksU8DRThIWbetSDUGIBQjnA7TbixpBKQHHVrXNACfysZg/MgQH2qlhduh0BUoPFZ/TwzAl7Lve7rTB9WVs14i/ufVY9W+aAxYEMWKBmSyqB1zrEKcpIJbTFCieF8TIILpWzHpggCidHZpHYI9+/I8qZwW7LOCVbKzzhWaIIX2UQblkI3OkYNuUBGVEUGP6AW9oXfjyXg1PozPSeuCMZ3ZQ39gfP0A4qGaUQ==</latexit>

⇡⇤(s) = argmaxa Q⇤(s, a)

<latexit sha1_base64="wQ+UfB7Bnx86e48rz8/CPe7bqv8=">AAAB73icbZDLSgMxFIbP1Futt6pLN6FFqBfKjCC6HHTjsgV7gXYsmTTThmYyY5IRhtKXEMGFIm59HXd9G9PLQlt/CHz8/znknOPHnClt22Mrs7K6tr6R3cxtbe/s7uX3D+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ae3k7zxRKVikbjXaUy9EPcECxjB2ljN6sNpSZ3jk06+aJftqdAyOHMouoX22cvYTSud/He7G5EkpEITjpVqOXasvSGWmhFOR7l2omiMyQD3aMugwCFV3nA67wgdG6eLgkiaJzSaur87hjhUKg19Uxli3VeL2cT8L2slOrj2hkzEiaaCzD4KEo50hCbLoy6TlGieGsBEMjMrIn0sMdHmRDlzBGdx5WWoX5Sdy7JddYruDcyUhSMoQAkcuAIX7qACNSDA4Rne4N16tF6tD+tzVpqx5j2H8EfW1w+e3ZIE</latexit>

Q⇤(s, a)
<latexit sha1_base64="kkkxo9ecjVhSSENXWqgPqhuik+Y=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilx2Yv6yZiUjFnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86l1W3fuLcu0mj6MAx3ACFfDgCmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nDxeJkIg=</latexit>

V⇡(s)

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0

There can be more than one optimal policy. 
Exercise: give an infinite-horizon example.4

<latexit sha1_base64="vKui/acWKbSZM4+cOOXcaV74TIU=">AAAB7HicbZDLSgMxFIbP1Fsdb1WXboJFEBdlRhDdiEU3Lis4baEdSybNtKGZTEgyQil9BjcuFHEl+Cru3YhvY3pZaOsPgY//P4eccyLJmTae9+3kFhaXllfyq+7a+sbmVmF7p6rTTBEakJSnqh5hTTkTNDDMcFqXiuIk4rQW9a5Gee2eKs1ScWv6koYJ7ggWM4KNtYKmZHdHrULRK3ljoXnwp1C8+HDP5duXW2kVPpvtlGQJFYZwrHXD96QJB1gZRjgdus1MU4lJD3dow6LACdXhYDzsEB1Yp43iVNknDBq7vzsGONG6n0S2MsGmq2ezkflf1shMfBYOmJCZoYJMPoozjkyKRpujNlOUGN63gIlidlZEulhhYux9XHsEf3bleagel/yTknfjF8uXMFEe9mAfDsGHUyjDNVQgAAIMHuAJnh3hPDovzuukNOdMe3bhj5z3H8uvkas=</latexit>

⇡⇤
<latexit sha1_base64="oMKigNas0rdcm1+IyPhQih1LZMA=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBKkbsejGZUV7gXYomTTThmYyIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845oeRMG8/7dnJLyyura/l1d2Nza3unsLtX10mqCK2RhCeqGWJNORO0ZpjhtCkVxXHIaSMcXI3zxj1VmiXizgwlDWLcEyxiBBtr3bYl6xSKXsmbCC2CP4PixYd7Lt++3Gqn8NnuJiSNqTCEY61bvidNkGFlGOF05LZTTSUmA9yjLYsCx1QH2WTUETqyThdFibJPGDRxf3dkONZ6GIe2Msamr+ezsflf1kpNdBZkTMjUUEGmH0UpRyZB471RlylKDB9awEQxOysifawwMfY6rj2CP7/yItRPSv5pybvxi5VLmCoPB3AIx+BDGSpwDVWoAYEePMATPDvceXRenNdpac6Z9ezDHznvP7DmkQ8=</latexit>⇡

<latexit sha1_base64="CO5QR38HRCsNtIkVegBJk5WmxE4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPoxmVF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5yv31PpWKxuNPjhPoRHggWMoK1kXp2RSGPCeRFWA8J5tntpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05N261fglTlOAADuEYXDiDOlxDA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AblUl1k=</latexit>

s 2 S
<latexit sha1_base64="Icc5PeyngjYh0VncZIdYuf84KPk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIVaEkgugy6MZlBZsWmhgm02k7dDIJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDA+eecy937gkTRqWyrJFRWFpeWV0rrpc2Nre2d8zdPVfGqcCkgWMWi1aIJGGUk4aiipFWIgiKQkaa4eB67DcfiJA05ncqS4gfoR6nXYqR0lJgHrhB7iX0/mRYlcfQ6xHoBrrWRWBWrJo1AVwk9oxUnLJ3+jxysnpgfnudGKcR4QozJGXbthLl50goihkZlrxUkgThAeqRtqYcRUT6+eSEITzSSgd2Y6EfV3Ci/p7IUSRlFoW6M0KqL+e9sfif105V99LPKU9SRTieLuqmDKoYjvOAHSoIVizTBGFB9V8h7iOBsNKplXQI9vzJi8Q9q9nnNevWrjhXYIoiOARlUAU2uAAOuAF10AAYPIIX8AbejSfj1fgwPqetBWM2sw/+wPj6ASx6mPk=</latexit>

V⇡⇤(s) � V⇡(s)



Infinite-Horizon Value Iteration
• Recall the finite-horizon case:

<latexit sha1_base64="xRQ7owhtbXbwONxDs6ML9ZDEwXE=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm6FFqCglEUQ3QtCNy1bsBdpYJtNJO3QyCTMTJcS+hVs3LhRx65O469s4TbvQ6g8DH/85h3Pm9yJGpbKsiZFbWl5ZXcuvFzY2t7Z3zOJuU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6Gpab90TIWnIb1USETdAA059ipHSVs8s1u/sijxGh/AC3mTQM8tW1coE/4I9h7JT6h49TZyk1jO/uv0QxwHhCjMkZce2IuWmSCiKGRkXurEkEcIjNCAdjRwFRLppdvoYHminD/1Q6McVzNyfEykKpEwCT3cGSA3lYm1q/lfrxMo/d1PKo1gRjmeL/JhBFcJpDrBPBcGKJRoQFlTfCvEQCYSVTqugQ7AXv/wXmidV+7Rq1e2ycwlmyoN9UAIVYIMz4IBrUAMNgMEDeAav4M14NF6Md+Nj1poz5jN74JeMz2/ClJS2</latexit>

Q1(s, a) = R(s, a)

<latexit sha1_base64="CWgwnEz06NPXNmSaX0Ykp/5FhDM=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgQhooRZQfQiLHrxmIB5QHYNs5PZZMjsg5lZISz5C/HiQRGv/oy3/I2TxIMmFjQUVd10d/mJ4EpjPLFyK6tr6xv5zcLW9s7uXnH/oKniVFLWoLGIZdsnigkesYbmWrB2IhkJfcFa/vB26rcemVQ8ju71KGFeSPoRDzgl2khu/QFX1Bk5QdcId4tlXMUzoGVi/5CyU3JPnybOqNYtfrm9mKYhizQVRKmOjRPtZURqTgUbF9xUsYTQIemzjqERCZnystnNY3RslB4KYmkq0mim/p7ISKjUKPRNZ0j0QC16U/E/r5Pq4MrLeJSkmkV0vihIBdIxmgaAelwyqsXIEEIlN7ciOiCSUG1iKpgQ7MWXl0nzvGpfVHHdLjs3MEcejqAEFbDhEhy4gxo0gEICz/AKb1ZqvVjv1se8NWf9zBzCH1if30vzkt8=</latexit>

Q0(s, a) = 0

• A similar flavor for the infinite-horizon case:
Infinite-Horizon-Value-Iteration(          ) 
for each state      and each action   
Initialize  

 while True 
for each state      and each action 

if 
return 

<latexit sha1_base64="U+3YkbplyqTs4iSrIGuxwUk6Cx8=">AAACGXicbVBNSwMxEM36WetX1aMiwSJ4KGVXED1WvXhstV/QljKbpm1osrskWaEsPfoXvPhHevDiQRGPevI3+CfMtkW0dSDkzZt5zMxzA86Utu1Pa25+YXFpObGSXF1b39hMbW2XlR9KQkvE576suqAoZx4taaY5rQaSgnA5rbi9y7heuaVSMd8r6n5AGwI6HmszAtpQzZRdF6C7BHh0M8jgn+TcJMUMvjZUB4QA89NAMR5L0nbWHgWeBc4EpHN7w8LX3f4w30y911s+CQX1NOGgVM2xA92IQGpGOB0k66GiAZAedGjNQA8EVY1odNkAHxqmhdu+NM/TeMT+VkQglOoL13TGq6vpWkz+V6uFun3WiJgXhJp6ZDyoHXKsfRzbhFtMUqJ53wAgkpldMemCBKKNmUljgjN98iwoH2edk6xdcNK5CzSOBNpFB+gIOegU5dAVyqMSIugePaJn9GI9WE/Wq/U2bp2zJpod9Cesj29pz6L+</latexit>

S,A, T, R, �, ✏
<latexit sha1_base64="CO5QR38HRCsNtIkVegBJk5WmxE4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPoxmVF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5yv31PpWKxuNPjhPoRHggWMoK1kXp2RSGPCeRFWA8J5tntpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05N261fglTlOAADuEYXDiDOlxDA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AblUl1k=</latexit>

s 2 S
<latexit sha1_base64="vwimHWdLv/YskPNH3iIGDUl5eiY=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPqxmUF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5zv31PpWKxuNPjhPoRHggWMoK1kXp2BSOPCeRFWA8J5tnlpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05t261fgVTlOAADuEYXDiDOtxAA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AYGSlzU=</latexit>

a 2 A
<latexit sha1_base64="55IHMfrsYJ+w591pW4DDTb/akOE=">AAACAnicbVDJSgNBEO1xjXEb9SReGoOQgIQZQfQiBL14TMAskITQ06kkTXoWumvEMAQv3v0KLx4U8erVH/Dm39hZDpr4oODxXhVV9bxICo2O820tLC4tr6ym1tLrG5tb2/bObkWHseJQ5qEMVc1jGqQIoIwCJdQiBcz3JFS9/tXIr96C0iIMbnAQQdNn3UB0BGdopJa9X2olDYQ7VH4SyvZwmNXHLEcvqNOyM07eGYPOE3dKMoXcI5Q/87rYsr8a7ZDHPgTIJdO67joRNhOmUHAJw3Qj1hAx3mddqBsaMB90Mxm/MKRHRmnTTqhMBUjH6u+JhPlaD3zPdPoMe3rWG4n/efUYO+fNRARRjBDwyaJOLCmGdJQHbQsFHOXAEMaVMLdS3mOKcTSppU0I7uzL86RykndP807JzRQuyQQpckAOSZa45IwUyDUpkjLh5J48kRfyaj1Yz9ab9T5pXbCmM3vkD6yPHzKVmZs=</latexit>

Qold(s, a) = 0

<latexit sha1_base64="CO5QR38HRCsNtIkVegBJk5WmxE4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPoxmVF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5yv31PpWKxuNPjhPoRHggWMoK1kXp2RSGPCeRFWA8J5tntpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05N261fglTlOAADuEYXDiDOlxDA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AblUl1k=</latexit>

s 2 S
<latexit sha1_base64="vwimHWdLv/YskPNH3iIGDUl5eiY=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokgurPqxmUF+4AmlMl00g6dTMLMRCmxn+LGhSJu/RJ3foo7J2kX2npg4HDOvdwzJ0g4U9pxvqyl5ZXVtfXSRnlza3tn167stVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK5zv31PpWKxuNPjhPoRHggWMoK1kXp2BSOPCeRFWA8J5tnlpGdXnZpTAC0Sd0aqF99hgUbP/vT6MUkjKjThWKmu6yTaz7DUjHA6KXupogkmIzygXUMFjqjysyL6BB0ZpY/CWJonNCrU3xsZjpQaR4GZzCOqeS8X//O6qQ7P/YyJJNVUkOmhMOVIxyjvAfWZpETzsSGYSGayIjLEEhNt2iqbEtz5Ly+S1knNPa05t261fgVTlOAADuEYXDiDOtxAA5pA4AGe4AVerUfr2Xqz3qejS9ZsZx/+wPr4AYGSlzU=</latexit>

a 2 A
<latexit sha1_base64="QaXwd/rh4o5cAs1aXzPjfNITdFc="></latexit>

Qnew(s, a) = R(s, a) + �
P

s0 T (s, a, s
0)maxa0 Qold(s0, a0)

<latexit sha1_base64="QT+xbi89Lwt903HazBUKVoo0BZw="></latexit>

maxs,a |Qold(s, a)�Qnew(s, a)| < ✏
<latexit sha1_base64="J1PPICVLpoEXd/KO4XZOoRhh4pk=">AAAB+XicbVDLSgNBEJz1GeNr1aMii0HwFHYF0WPQi8cEzAOSJcxOOsmQ2dllpjcalhz9Cy8eFPHqJd/hzW/wJ5w8DppY0FBUddPdFcSCa3TdL2tpeWV1bT2zkd3c2t7Ztff2KzpKFIMyi0SkagHVILiEMnIUUIsV0DAQUA16N2O/2geleSTvcBCDH9KO5G3OKBqpadulZtpAeEAVphLuh8OmnXPz7gTOIvFmJFc4GpW+H49Hxab92WhFLAlBIhNU67rnxuinVCFnAobZRqIhpqxHO1A3VNIQtJ9OLh86p0ZpOe1ImZLoTNTfEykNtR6EgekMKXb1vDcW//PqCbav/JTLOEGQbLqonQgHI2ccg9PiChiKgSGUKW5udViXKsrQhJU1IXjzLy+Synneu8i7JS9XuCZTZMghOSFnxCOXpEBuSZGUCSN98kReyKuVWs/Wm/U+bV2yZjMH5A+sjx9uEpfh</latexit>

Qnew
<latexit sha1_base64="bdHQMzQ+lvZwR3uVC8qDDpVqZMs=">AAACDHicbVDLSsNAFJ34rPVVdelmsAi6CYkguhGKblwqGC20oUymt3boZBJmbtQS8gFu9FPcuFDEpX6AO//G6WPh68DA4ZxzuXNPlEph0PM+nYnJqemZ2dJceX5hcWm5srJ6bpJMcwh4IhNdj5gBKRQEKFBCPdXA4kjCRdQ7GvgXV6CNSNQZ9lMIY3apREdwhlZqVaqnrbyJcIM6zhPZLgp6QL9JCq6LwqY81xuC/iX+mFRr2/cQvLnmpFX5aLYTnsWgkEtmTMP3UgxzplFwCUW5mRlIGe+xS2hYqlgMJsyHxxR00ypt2km0fQrpUP0+kbPYmH4c2WTMsGt+ewPxP6+RYWc/zIVKMwTFR4s6maSY0EEztC00cJR9SxjXwv6V8i7TjKPtr2xL8H+f/Jec77j+ruud+tXaIRmhRNbJBtkiPtkjNXJMTkhAOLklD+SJPDt3zqPz4ryOohPOeGaN/IDz/gVQZZ9o</latexit>

Qold = Qnew
5

<latexit sha1_base64="6Hl5qppA41CIPXFfAtVYGpkQjQQ="></latexit>

Qh(s, a) = R(s, a) + �
P

s0 T (s, a, s
0)maxa0 Qh�1(s0, a0)

In real code, always cap the # of iterations



But what do we know at the start?

• General goal: Make actions to maximize expected reward. 
• Up to this point: Assume we know full Markov decision 

process (MDP). 
• We figure out best policy and use it from the start. 

• But we often don’t know the transition model T or reward 
function R before we start.

6

rich soil

0.1 0.9

0.90.1

poor soil
plant:

rich soil

0.9 0.1

0.10.9

poor soil
fallow:

R(rich,plant)=100 
R(poor,plant)=10 
R(rich,fallow)=0 
R(poor,fallow)=0



But what do we know at the start?

• General goal: Make actions to maximize expected reward. 
• Up to this point: Assume we know full Markov decision 

process (MDP). 
• We figure out best policy and use it from the start. 

• But we often don’t know the transition model T or reward 
function R before we start. 

• Next: Assume we do know the states, actions, and discount. 
But we don’t know T or R. 
• Find a sequence of actions to maximize expected reward.6

rich soil

? ?

??

poor soil
plant:

rich soil

? ?

??

poor soil
fallow:

R(rich,plant)=? 
R(poor,plant)=? 
R(rich,fallow)=? 
R(poor,fallow)=?


