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Getting started: regression
Example: predict pollution level 
What do we have? (Training) data  

• n training data points 
• For data point  

• Feature vector  

• Label 
• Training data  

What do we want? A good way to label new points 
• How to label? Hypothesis  

i 2 {1, . . . , n}

<latexit sha1_base64="8hJFN8cgfSsm9/Zjj/qy/I7Ngvk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISKai7ohuXFewDmlAmk2k7dDIJMzdCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIBNfgON9WYWV1bX2juFna2t7Z3bP3D1o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9HN1G8/MKV5LO9hnDA/IgPJ+5wSMFLPPuLY4xJ7mVvxRBiDrkhv0rPLTtWZAS8TNydllKPRs7+8MKZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz2bXT/CpUULcj5UpCXim/p7ISKT1OApMZ0RgqBe9qfif102hf+lnXCYpMEnni/qpwBDjaRQ45IpREGNDCFXc3IrpkChCwQRWMiG4iy8vk9Z51a1Vr+5q5fp1HkcRHaMTdIZcdIHq6BY1UBNR9Iie0St6s56sF+vd+pi3Fqx85hD9gfX5A04blIQ=</latexit>

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

h

<latexit sha1_base64="0LoNUPId1hhmBuXcotBZd/4zZho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANHZjPg=</latexit>

y

<latexit sha1_base64="t5lWBlxnhPc8vatgOCKMO4kpbDU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmpN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AOudjQk=</latexit>

Dn = {(x(1), y(1)), . . . , (x(n), y(n))}

<latexit sha1_base64="OVqEx11BAxLVTMEmIIhu5cyWyT4="></latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="es0FaWkgS5wQxrNavqriHNZLQq4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/U8x7SUuVs0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5Nmpeydl6u31WLtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/ENI++</latexit>

x(2)
1

<latexit sha1_base64="aGVNgrq6nDxkuTeOFEy0w3kYwuQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gXUs2zbah2WRJssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wuZ35nSeqNJPiwaQx9SM8EixkBBsrddLHrFK7mA5KZbfqzoFWiZeTMuRoDkpf/aEkSUSFIRxr3fPc2PgZVoYRTqfFfqJpjMkEj2jPUoEjqv1sfu4UnVtliEKpbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsZEnBgqyGJRmHBkJJr9joZMUWJ4agkmitlbERljhYmxCRVtCN7yy6ukXat6l9X6fb3cuMnjKMApnEEFPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6J1zclnTuAPnM8fnN6PGw==</latexit>

y(2)

<latexit sha1_base64="xQf/TqQrMEovGtipvfl6yOLpGPA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkUtRl0Y3LKvYBTSyT6aQdOpmEmYkQYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XMSqVZX0bpaXlldW18nplY3Nre8fc3evIMBaYtHHIQtHzkCSMctJWVDHSiwRBgcdI15tc5X73gQhJQ36nkoi4ARpx6lOMlJYG5kFyn9boSQYdyqETIDX2vPQ2G5hVq25NAReJXZAqKNAamF/OMMRxQLjCDEnZt61IuSkSimJGsooTSxIhPEEj0teUo4BIN53mz+CxVobQD4V+XMGp+nsjRYGUSeDpyTyhnPdy8T+vHyv/wk0pj2JFOJ4d8mMGVQjzMuCQCoIVSzRBWFCdFeIxEggrXVlFl2DPf3mRdE7r9lm9cdOoNi+LOsrgEByBGrDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYzZaMoqdffAHxucPPsKVoA==</latexit>

y(i) 2 R

<latexit sha1_base64="iR5i+ixzYk45Wvg44nIUOssmTiE=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQiKq6KblxWsQ9oYplMpu3QyYOZiVBCtm78FTcuFHHrH7jzb5y0WdTWAwOHc+5l7jlezJlUlvVjlJaWV1bXyuuVjc2t7R1zd68lo0QQ2iQRj0THw5JyFtKmYorTTiwoDjxO297oOvfbj1RIFoX3ahxTN8CDkPUZwUpLPRMNL5ETYDX0vPQue0j9DDkqmpF6ZtWqWROgRWIXpAoFGj3z2/EjkgQ0VIRjKbu2FSs3xUIxwmlWcRJJY0xGeEC7moY4oNJNJ0kydKQVH/UjoV+o0ESd3UhxIOU48PRkfqGc93LxP6+bqP6Fm7IwThQNyfSjfsKRzprXgnwmKFF8rAkmgulbERligYnS5VV0CfZ85EXSOqnZZ7XT29Nq/aqoowwHcAjHYMM51OEGGtAEAk/wAm/wbjwbr8aH8TkdLRnFzj78gfH1C0V6mhc=</latexit>

h : Rd ! R

Satellite reading
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Is this a good hypothesis?

• Example h: For any x, h(x) = 1,000,000
4



Linear regressors

• A linear regression hypothesis 
when d=1:

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="es0FaWkgS5wQxrNavqriHNZLQq4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/U8x7SUuVs0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5Nmpeydl6u31WLtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/ENI++</latexit>

x(2)
1

<latexit sha1_base64="aGVNgrq6nDxkuTeOFEy0w3kYwuQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gXUs2zbah2WRJssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wuZ35nSeqNJPiwaQx9SM8EixkBBsrddLHrFK7mA5KZbfqzoFWiZeTMuRoDkpf/aEkSUSFIRxr3fPc2PgZVoYRTqfFfqJpjMkEj2jPUoEjqv1sfu4UnVtliEKpbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsZEnBgqyGJRmHBkJJr9joZMUWJ4agkmitlbERljhYmxCRVtCN7yy6ukXat6l9X6fb3cuMnjKMApnEEFPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6J1zclnTuAPnM8fnN6PGw==</latexit>

y(2)

Satellite reading
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• Hypothesis class     : set of 
• Example: all constant functions 

H

<latexit sha1_base64="oYhv6ScZyUxRyTAPyqiZC2s1B+I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNSUHdFN11WsA+YDiWTZtrQTDIkd4Qy9DPcuFDErV/jzr8x085CWw8EDufcS849YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XT+9zvPTFtuJKPMEtYEJOx5BGnBKzkD2ICE0pE1poPqzW37i6A14lXkBoq0B5WvwYjRdOYSaCCGON7bgJBRjRwKti8MkgNSwidkjHzLZUkZibIFpHn+MIqIxwpbZ8EvFB/b2QkNmYWh3Yyj2hWvVz8z/NTiG6CjMskBSbp8qMoFRgUzu/HI64ZBTGzhFDNbVZMJ0QTCralii3BWz15nXSv6l6jfvvQqDXvijrK6Aydo0vkoWvURC3URh1EkULP6BW9OeC8OO/Ox3K05BQ7p+gPnM8fftGRag==</latexit>

<latexit sha1_base64="rTY8A/41fKd2STNcY2eiXTDuu2Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f0OeM9Q==</latexit>

h

• A linear reg. hypothesis when d≥1:
<latexit sha1_base64="fWCUfgSggAr5fAiJgFmD6spE6+Q=">AAACL3icbZDbSgMxEIaz9VTrqeqlN8EiVJSyK0UFEYqCeFnBHqBbSjabbUOzB5JZaSl9I298ld6IKOKtb2HaXVCrA0O+/DNDMr8TCa7ANF+MzMLi0vJKdjW3tr6xuZXf3qmrMJaU1WgoQtl0iGKCB6wGHARrRpIR3xGs4fSvp/XGA5OKh8E9DCPW9kk34B6nBLTUyd/0ioMLG3oMyHFydMxDfIlTtvBA5xG2qRuCmkKiu1p3v69mJ18wS+Ys8F+wUiigNKqd/MR2Qxr7LAAqiFIty4ygPSISOBVsnLNjxSJC+6TLWhoD4jPVHs32HeMDrbjYC6XOAPBM/TkxIr5SQ9/RnT6BnpqvTcX/aq0YvPP2iAdRDCygyUNeLDCEeGoedrlkFMRQA6GS679i2iOSUNAW57QJ1vzKf6F+UrJOS+W7cqFyldqRRXtoHxWRhc5QBd2iKqohih7RBL2iN+PJeDbejY+kNWOkM7voVxifX6+8pm0=</latexit>

h(x; ✓, ✓0) = ✓1x1 + · · ·+ ✓dxd + ✓0
<latexit sha1_base64="PjhlSoFVs+RiDwxbR9rpnkyKl50=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEoiRd0IRTcuK9gHNDFMppN26OTBzI1YQsGNv+LGhSJu/Ql3/o3TNgttPXDhzDn3MvcePxFcgWV9G4WFxaXlleJqaW19Y3PL3N5pqjiVlDVoLGLZ9oligkesARwEayeSkdAXrOUPrsZ+655JxePoFoYJc0PSi3jAKQEteebeBXagz4DcORAn+AEf52/P8syyVbEmwPPEzkkZ5ah75pfTjWkasgioIEp1bCsBNyMSOBVsVHJSxRJCB6THOppGJGTKzSY3jPChVro4iKWuCPBE/T2RkVCpYejrzpBAX816Y/E/r5NCcO5mPEpSYBGdfhSkAkOMx4HgLpeMghhqQqjkeldM+0QSCjq2kg7Bnj15njRPKvZppXpTLdcu8ziKaB8doCNkozNUQ9eojhqIokf0jF7Rm/FkvBjvxse0tWDkM7voD4zPHyzSlpg=</latexit>

= ✓>x+ ✓0

<latexit sha1_base64="wiohZHHorSv3v4JpKqTVy7NLuvA=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2AR6oUyI0UFEYpuXFawF2hLyaQZG5q5kJyRlqHv4MZXceNCEbdu3Pk2pp0RtPVAyMf/n0NyficUXIFlfRmZufmFxaXscm5ldW19w9zcqqkgkpRVaSAC2XCIYoL7rAocBGuEkhHPEazu9K/Gfv2eScUD/xaGIWt75M7nLqcEtNQxD3qFwXkLegzIUXJ1rH18gRPGA3yIf+SOmbeK1qTwLNgp5FFalY752eoGNPKYD1QQpZq2FUI7JhI4FWyUa0WKhYT2yR1ravSJx1Q7nuw0wnta6WI3kPr4gCfq74mYeEoNPUd3egR6atobi/95zQjcs3bM/TAC5tPkITcSGAI8Dgh3uWQUxFADoZLrv2LaI5JQ0DHmdAj29MqzUDsu2ifF0k0pX75M48iiHbSLCshGp6iMrlEFVRFFD+gJvaBX49F4Nt6M96Q1Y6Qz2+hPGR/f+LOcVg==</latexit>

h(x; ✓, ✓0) = ✓x+ ✓0
parameters

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

OR
<latexit sha1_base64="EMS4Wu2tq8ahXQnYCzGQOdJ8Gtc=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRb0IRS8eK9gPaGLZbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFuFldW19Y3iZmlre2e3bO/tt3ScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo+up335gSvNY3sE4YX5EBpKHnBIwUs8uX2IPhgzIvQdxgh97dsWpOjPgZeLmpIJyNHr2l9ePaRoxCVQQrbuuk4CfEQWcCjYpealmCaEjMmBdQyWJmPaz2eETfGyUPg5jZUoCnqm/JzISaT2OAtMZERjqRW8q/ud1Uwgv/IzLJAUm6XxRmAoMMZ6mgPtcMQpibAihiptbMR0SRSiYrEomBHfx5WXSOq26Z9Xaba1Sv8rjKKJDdIROkIvOUR3doAZqIopS9Ixe0Zv1ZL1Y79bHvLVg5TMH6A+szx8Y4pK+</latexit>

= ✓>x
Notational 

trick: not the 

same θ & x!
• Our hypothesis class in 

linear regression will be 
the set of all such h

Hypothesis is a 

“hyperplane”
<latexit sha1_base64="vW7DZobuQB/ycV5pMoVVOl45LOk=">AAACLHicbZBLSwMxEMez9VXra9Wjl2ARWoSyK0UFEYq9eKxgH9CWks2mbWj2QTIrLUs/kBe/iiAeLOLVz2G23YO2Dgz85j8zJPN3QsEVWNbMyKytb2xuZbdzO7t7+wfm4VFDBZGkrE4DEciWQxQT3Gd14CBYK5SMeI5gTWdUTfrNJyYVD/xHmISs65GBz/ucEtBSz6wOC+Mb3IEhA1LEtyn1bDzWeY471A1AJbDQXa27uiyktVUs2MWembdK1jzwKtgp5FEatZ751nEDGnnMByqIUm3bCqEbEwmcCjbNdSLFQkJHZMDaGn3iMdWN58dO8ZlWXNwPpE4f8Fz9vRETT6mJ5+hJj8BQLfcS8b9eO4L+dTfmfhgB8+nioX4kMAQ4cQ67XDIKYqKBUMn1XzEdEkkoaH9z2gR7+eRVaFyU7MtS+aGcr9yldmTRCTpFBWSjK1RB96iG6oiiZ/SKPtDMeDHejU/jazGaMdKdY/QnjO8feuKkFQ==</latexit>

h(x; ✓) = ✓1x1 + · · ·+ ✓dxd + (✓0)(1)
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• One idea: prefer    to     if 

• Should predict well on future data 
• How good is a regressor at one 

point? Loss  
• Ex: squared loss

L(g, a)

<latexit sha1_base64="pRoPrYTcPfAsF74TXT/JbgQpf5k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNiVgHoLevHgIYJ5QLKE2UlvMmR2dpmZFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWJ4Nq47rezsrq2vrGZ28pv7+zu7RcODhs6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5O/eYTKs1j+WhGCfoR7UseckaNlZr3pf45oWfdQtEtuzOQZeJlpAgZat3CV6cXszRCaZigWrc9NzH+mCrDmcBJvpNqTCgb0j62LZU0Qu2PZ+dOyKlVeiSMlS1pyEz9PTGmkdajKLCdETUDvehNxf+8dmrCK3/MZZIalGy+KEwFMTGZ/k56XCEzYmQJZYrbWwkbUEWZsQnlbQje4svLpHFR9irl64dKsXqTxZGDYziBEnhwCVW4gxrUgcEQnuEV3pzEeXHenY9564qTzRzBHzifP6dxjn0=</latexit>

• Example: asymmetric loss

• Test error (n’ new points): E(h) = 1

n0

n+n0X

i=n+1

L(h(x(i)), y(i))

<latexit sha1_base64="m8ItS+ygWb5M7h1+iuXfxKdM0KM="></latexit>

• Training error: 

h̃

<latexit sha1_base64="sbB1zTKgA0EBF8La76CIVwOiVGM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN6KXjxWsB/ShrLZTNulu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMxEBwhlZ67KGQIWSjab9ccavuHHSVeDmpkByNfvmrF8Y8VRAhl8yYrucm6GdMo+ASpqVeaiBhfMyG0LU0YgqMn80PntIzq4R0EGtbEdK5+nsiY8qYiQpsp2I4MsveTPzP66Y4uPIzESUpQsQXiwappBjT2fc0FBo4yokljGthb6V8xDTjaDMq2RC85ZdXSeui6tWq1/e1Sv0mj6NITsgpOSceuSR1ckcapEk4UeSZvJI3RzsvzrvzsWgtOPnMMfkD5/MHLu2Qrg==</latexit>

h

<latexit sha1_base64="0LoNUPId1hhmBuXcotBZd/4zZho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANHZjPg=</latexit>

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

En(h) < En(h̃)

<latexit sha1_base64="wyowSN7UmYLt9Uiw1bnJKcDlVPk=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUoiBRVcFEVwWcE+oAllMp00QyeTMDMRSuhHuPFX3LhQxK0Ld/6NkzYL23rgwuGce7n3Hi9mVCrL+jEKK6tr6xvFzdLW9s7unrl/0JZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rJ/M4jEZJG/EGNY+KGaMipTzFSWuqbp06IVIARS28nfV4JqvAKzkuOomxA0mBS7Ztlq2ZNAZeJnZMyyNHsm9/OIMJJSLjCDEnZs61YuSkSimJGJiUnkSRGeISGpKcpRyGRbjp9agJPtDKAfiR0cQWn6t+JFIVSjkNPd2b3ykUvE//zeonyL9yU8jhRhOPZIj9hUEUwSwgOqCBYsbEmCAuqb4U4QAJhpXMs6RDsxZeXSfusZtdrl/f1cuM6j6MIjsAxqAAbnIMGuANN0AIYPIEX8AbejWfj1fgwPmetBSOfOQRzML5+AQzknjk=</latexit>

How good is a regression hypothesis?

g: guess, 
a: actual

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="aKT9fjgnwerPweE4OJySKHgBJk0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQEcquFPVY9OKxgv2Adi3ZNNuGZpMlmRXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmBbHgBlz328mtrK6tb+Q3C1vbO7t7xf2DplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWMbqZ+65Fpw5W8h3HM/IgMJA85JWClzlPPe0jL8sw7nfSKJbfizoCXiZeREspQ7xW/un1Fk4hJoIIY0/HcGPyUaOBUsEmhmxgWEzoiA9axVJKIGT+dnTzBJ1bp41BpWxLwTP09kZLImHEU2M6IwNAselPxP6+TQHjlp1zGCTBJ54vCRGBQePo/7nPNKIixJYRqbm/FdEg0oWBTKtgQvMWXl0nzvOJdVKp31VLtOosjj47QMSojD12iGrpFddRAFCn0jF7RmwPOi/PufMxbc042c4j+wPn8AfrWkGo=</latexit>

x(n+1)
1

Satellite reading

Po
llu

tio
n 

le
ve

l

<latexit sha1_base64="GJJCuacmU7D5f/0zh+T2OaNNo2U=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhAQ27IagXIejFg4cI5gHJGmYns5shsw9mZgNhyZ948aCIV//Em3/jJNmDRgsaiqpuurvcmDOpLOvLyK2srq1v5DcLW9s7u3vm/kFLRokgtEkiHomOiyXlLKRNxRSnnVhQHLictt3Rzcxvj6mQLAof1CSmToD9kHmMYKWlvmnelfxTXEZXqOSf4fJjtW8WrYo1B/pL7IwUIUOjb372BhFJAhoqwrGUXduKlZNioRjhdFroJZLGmIywT7uahjig0knnl0/RiVYGyIuErlChufpzIsWBlJPA1Z0BVkO57M3E/7xuorxLJ2VhnCgaksUiL+FIRWgWAxowQYniE00wEUzfisgQC0yUDqugQ7CXX/5LWtWKfV6p3deK9essjjwcwTGUwIYLqMMtNKAJBMbwBC/waqTGs/FmvC9ac0Y2cwi/YHx8A9hnkTg=</latexit>

L(g, a) = (g � a)2

<latexit sha1_base64="M4GVO8jQX/9ZCokMOLdmYO/HmiI="></latexit>

L(g, a) =

⇢
(g � a)2 if g > a
2(g � a)2 if g  a
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• Have data; have hypothesis class 
• Want to choose a good regressor 

• Recall:  
• New: 

Learning a regressor

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

h

<latexit sha1_base64="0LoNUPId1hhmBuXcotBZd/4zZho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANHZjPg=</latexit>

y

<latexit sha1_base64="t5lWBlxnhPc8vatgOCKMO4kpbDU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmpN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AOudjQk=</latexit>

h

<latexit sha1_base64="0LoNUPId1hhmBuXcotBZd/4zZho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANHZjPg=</latexit>

Dn

<latexit sha1_base64="7Uc1mRxWy2VAobYcZ46dW/jF8w8=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakoO6KunBZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPRu1pf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxARXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66Lq1qrXD7VK/SavowgncArn4MIl1OEeGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHAsSSRw==</latexit>

learning 
algorithm

• Example:

Ex_learning_alg(   ;  ) 
Set  
Return 

• How does training error of Ex_learning_alg(     ;1)  
compare to the training error of Ex_learning_alg(     ;2)? 

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

Dn

<latexit sha1_base64="7Uc1mRxWy2VAobYcZ46dW/jF8w8=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakoO6KunBZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPRu1pf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxARXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66Lq1qrXD7VK/SavowgncArn4MIl1OEeGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHAsSSRw==</latexit>

h(j⇤)

<latexit sha1_base64="6XLMSHq7IrETni4CCNBGbzWszq4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCai3oBePEcxDkk2YncwmY2Zml5lZISz5Ci8eFPHq53jzb5w8DppY0FBUddPdFcScaeO6305mZXVtfSO7mdva3tndy+8f1HWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIhjcTv/FElWaRvDejmPoC9yULGcHGSg+DTlp87Jydjrv5gltyp0DLxJuTAsxR7ea/2r2IJIJKQzjWuuW5sfFTrAwjnI5z7UTTGJMh7tOWpRILqv10evAYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96E3E/7xWYsJLP2UyTgyVZLYoTDgyEZp8j3pMUWL4yBJMFLO3IjLAChNjM8rZELzFl5dJ/bzklUtXd+VC5XoeRxaO4BiK4MEFVOAWqlADAgKe4RXeHOW8OO/Ox6w148xnDuEPnM8f9huP4Q==</latexit>

Dn

<latexit sha1_base64="7Uc1mRxWy2VAobYcZ46dW/jF8w8=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakoO6KunBZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPRu1pf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxARXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66Lq1qrXD7VK/SavowgncArn4MIl1OEeGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHAsSSRw==</latexit>

Dn

<latexit sha1_base64="7Uc1mRxWy2VAobYcZ46dW/jF8w8=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakoO6KunBZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPRu1pf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxARXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66Lq1qrXD7VK/SavowgncArn4MIl1OEeGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHAsSSRw==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="es0FaWkgS5wQxrNavqriHNZLQq4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/U8x7SUuVs0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5Nmpeydl6u31WLtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/ENI++</latexit>

x(2)
1

<latexit sha1_base64="aGVNgrq6nDxkuTeOFEy0w3kYwuQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gXUs2zbah2WRJssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wuZ35nSeqNJPiwaQx9SM8EixkBBsrddLHrFK7mA5KZbfqzoFWiZeTMuRoDkpf/aEkSUSFIRxr3fPc2PgZVoYRTqfFfqJpjMkEj2jPUoEjqv1sfu4UnVtliEKpbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsZEnBgqyGJRmHBkJJr9joZMUWJ4agkmitlbERljhYmxCRVtCN7yy6ukXat6l9X6fb3cuMnjKMApnEEFPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6J1zclnTuAPnM8fnN6PGw==</latexit>

y(2)

• Suppose someone already generated 1 trillion 
hypotheses, e.g. at random, indexed by j: 

h(j)(x) = h(x; ✓(j), ✓(j)0 )

<latexit sha1_base64="keB7458i3rGAYsDmCjPQ8C6RtXU=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoQeqMFFREKLpxWcE+oK0lk6ad2MyD5I60DP0MN/6KGxeKuO3OvzFtZ6GtBwLnnnMvN/c4oeAKLOvbSC0tr6yupdczG5tb2zvm7l5VBZGkrEIDEci6QxQT3GcV4CBYPZSMeI5gNad/M/FrT0wqHvj3MAxZyyM9n3c5JaCltnniPsS5x/woN8jjK+zmBpe4CS4DMpOPk6ptzep828xaBWsKvEjshGRRgnLbHDc7AY085gMVRKmGbYXQiokETgUbZZqRYiGhfdJjDU194jHViqeHjfCRVjq4G0j9fMBT9fdETDylhp6jOz0Crpr3JuJ/XiOC7nkr5n4YAfPpbFE3EhgCPEkJd7hkFMRQE0Il13/F1CWSUNBZZnQI9vzJi6R6WrCLhYu7YrZ0ncSRRgfoEOWQjc5QCd2iMqogip7RK3pHH8aL8WZ8Gl+z1pSRzOyjPzDGP7E+nbk=</latexit>

<latexit sha1_base64="G2oOw5TomxkKgUpsr7w/awWWJMg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKepFKHrxWMF+QLuWbJpt02aTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aWiSK0TiSXqhVgTTkTtG6Y4bQVK4qjgNNmMLqd+s0nqjST4sGMY+pHuC9YyAg2VmoMH8/QNeoWS27ZnQEtEy8jJchQ6xa/Oj1JkogKQzjWuu25sfFTrAwjnE4KnUTTGJMR7tO2pQJHVPvp7NoJOrFKD4VS2RIGzdTfEymOtB5Hge2MsBnoRW8q/ue1ExNe+SkTcWKoIPNFYcKRkWj6OuoxRYnhY0swUczeisgAK0yMDahgQ/AWX14mjfOyd1Gu3FdK1ZssjjwcwTGcggeXUIU7qEEdCAzhGV7hzZHOi/PufMxbc042cwh/4Hz+ABy9ji4=</latexit>

j⇤ =
<latexit sha1_base64="NVqiLouWiHp6tQtejqwTLYWepfc=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgopREirosunFZwT6gCWUymbZjJ5MwMxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHCmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB64rceqFQsFnd6lFA/wn3BeoxgbaSufXiPPCaQl7llj4exVuWhN+7aJafiTIEWiZuTEuSod+0vL4xJGlGhCcdKdVwn0X6GpWaE03HRSxVNMBniPu0YKnBElZ9Nrx+jE6OEqBdLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7xOqnuXfsZEkmoqyGxRL+VIx2gSBQqZpETzkSGYSGZuRWSAJSbaBFY0IbjzLy+S5lnFPa9Ub6ul2lUeRwGO4BhOwYULqMEN1KEBBB7hGV7hzXqyXqx362PWumTlMwfwB9bnD0oulH8=</latexit>

j 2 {1, . . . , k}the with lowest
<latexit sha1_base64="3z5vx2U4IqRVfcfUnAxakzsuuzk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR2k1JpKjLogguK9gHtDFMppN27GQSZiZCCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRmFpeWV1rbhe2tjc2t4xd/faMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vHGl5nfeSBC0pDfqklEnAANOfUpRkpLrnnQD5AaYcSSq9RNeFoZ3SWV+2padc2yVbOmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5l+kMJjrQygHwpdXMGp+nsiQYGUk8DTndm9ct7LxP+8Xqz8cyehPIoV4Xi2yI8ZVCHM4oADKghWbKIJwoLqWyEeIYGw0qGVdAj2/MuLpH1Ss09r9Zt6uXGRx1EEh+AIVIANzkADXIMmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/ABRHlqY=</latexit>

En(h(j))

hyperparameter
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Linear regression: Another way
• How about we just consider all hypotheses in our class 

and choose the one with lowest training error? 
• We’ll see: not typically straightforward 
• But for linear regression with square loss: can do it!

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

• Recall: training error: 

• Training error: square loss, linear regr., extra “1” feature
<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd
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Linear regression: Another way
• How about we just consider all hypotheses in our class 

and choose the one with lowest training error? 
• We’ll see: not typically straightforward 
• But for linear regression with square loss: can do it!

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

• Recall: training error: 

• Training error: square loss, linear regr., extra “1” feature
<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd
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Linear regression: Another way
• How about we just consider all hypotheses in our class 

and choose the one with lowest training error? 
• We’ll see: not typically straightforward 
• But for linear regression with square loss: can do it!

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

• Recall: training error: 

• Training error: square loss, linear regr., extra “1” feature
<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd nx1
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Linear regression: Another way
• How about we just consider all hypotheses in our class 

and choose the one with lowest training error? 
• We’ll see: not typically straightforward 
• But for linear regression with square loss: can do it!

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

• Recall: training error: 

• Training error: square loss, linear regr., extra “1” feature
<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd nx1

<latexit sha1_base64="Jzla9bKf8qR++fXtCa32T+XNYrw=">AAACPnichVA9SwNBFNyL3/ErammzGAQtDHciaCOINpYKxkRyMext3pkle3vH7jshHPfHbPwPdnY2Fgpia+kmRtBEcGBhmJnH2zdBIoVB1310ChOTU9Mzs3PF+YXFpeXSyuqliVPNocpjGet6wAxIoaCKAiXUEw0sCiTUgu5J36/dgjYiVhfYS6AZsRslQsEZWqlVujikfqgZz7w8Uzndoj4K2YasnlvWAWR051u6yun2tY9x8m+qVSq7FXcAOk68ISmTIc5apQe/HfM0AoVcMmManptgM2MaBZeQF/3UQMJ4l91Aw1LFIjDNbHB9Tjet0qZhrO1TSAfqz4mMRcb0osAmI4YdM+r1xb+8RorhQTMTKkkRFP9aFKaSYkz7VdK20MBR9ixhXAv7V8o7zJaJtvCiLcEbPXmc1HYr3l7F8873ykfHwz5myTrZIFvEI/vkiJySM1IlnNyRJ/JCXp1759l5c96/ogVnOLNGfsH5+ASjHK13</latexit>

=
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: Another way
• How about we just consider all hypotheses in our class 

and choose the one with lowest training error? 
• We’ll see: not typically straightforward 
• But for linear regression with square loss: can do it!

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775

<latexit sha1_base64="Jzla9bKf8qR++fXtCa32T+XNYrw=">AAACPnichVA9SwNBFNyL3/ErammzGAQtDHciaCOINpYKxkRyMext3pkle3vH7jshHPfHbPwPdnY2Fgpia+kmRtBEcGBhmJnH2zdBIoVB1310ChOTU9Mzs3PF+YXFpeXSyuqliVPNocpjGet6wAxIoaCKAiXUEw0sCiTUgu5J36/dgjYiVhfYS6AZsRslQsEZWqlVujikfqgZz7w8Uzndoj4K2YasnlvWAWR051u6yun2tY9x8m+qVSq7FXcAOk68ISmTIc5apQe/HfM0AoVcMmManptgM2MaBZeQF/3UQMJ4l91Aw1LFIjDNbHB9Tjet0qZhrO1TSAfqz4mMRcb0osAmI4YdM+r1xb+8RorhQTMTKkkRFP9aFKaSYkz7VdK20MBR9ixhXAv7V8o7zJaJtvCiLcEbPXmc1HYr3l7F8873ykfHwz5myTrZIFvEI/vkiJySM1IlnNyRJ/JCXp1759l5c96/ogVnOLNGfsH5+ASjHK13</latexit>

=
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Define
nxd nx1

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

• Recall: training error: 

• Training error: square loss, linear regr., extra “1” feature

8



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="5N6ER5za55R4hm3LgblpmY49WKA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPO0Y/U</latexit>

✓0
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• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

9

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra]

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="5N6ER5za55R4hm3LgblpmY49WKA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPO0Y/U</latexit>

✓0

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="5N6ER5za55R4hm3LgblpmY49WKA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPO0Y/U</latexit>

✓0



• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1 set<latexit sha1_base64="C0sdeB8gd3QsvJYfX9+VS9Bkuuo=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbsSlAbIWgjVhHMBZIQzk4myZDZ2WXmrBBCChtfxcZCEVsfws63cXIpNPGHgY//nMOZ8wexFAY979tJrayurW+kNzNb2zu7e+7+QdVEiWa8wiIZ6XoAhkuheAUFSl6PNYcwkLwWDK4n9doD10ZE6h6HMW+F0FOiKxigtdputqkgkNBuYp8j0Nv8DE7oJfXabs4reFPRZfDnkCNzldvuV7MTsSTkCpkEYxq+F2NrBBoFk3ycaSaGx8AG0OMNiwpCblqj6RFjemydDu1G2j6FdOr+nhhBaMwwDGxnCNg3i7WJ+V+tkWD3ojUSKk6QKzZb1E0kxYhOEqEdoTlDObQATAv7V8r6oIGhzS1jQ/AXT16G6mnBPysU74q50tU8jjTJkiOSJz45JyVyQ8qkQhh5JM/klbw5T86L8+58zFpTznzmkPyR8/kDnHGWxw==</latexit>

r✓J(✓) = 0

10



<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1 set<latexit sha1_base64="C0sdeB8gd3QsvJYfX9+VS9Bkuuo=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbsSlAbIWgjVhHMBZIQzk4myZDZ2WXmrBBCChtfxcZCEVsfws63cXIpNPGHgY//nMOZ8wexFAY979tJrayurW+kNzNb2zu7e+7+QdVEiWa8wiIZ6XoAhkuheAUFSl6PNYcwkLwWDK4n9doD10ZE6h6HMW+F0FOiKxigtdputqkgkNBuYp8j0Nv8DE7oJfXabs4reFPRZfDnkCNzldvuV7MTsSTkCpkEYxq+F2NrBBoFk3ycaSaGx8AG0OMNiwpCblqj6RFjemydDu1G2j6FdOr+nhhBaMwwDGxnCNg3i7WJ+V+tkWD3ojUSKk6QKzZb1E0kxYhOEqEdoTlDObQATAv7V8r6oIGhzS1jQ/AXT16G6mnBPysU74q50tU8jjTJkiOSJz45JyVyQ8qkQhh5JM/klbw5T86L8+58zFpTznzmkPyR8/kDnHGWxw==</latexit>

r✓J(✓) = 0
<latexit sha1_base64="TOdVf1VrV/J618yeysI7Wb6CWWg="></latexit>

) ✓ = (X̃>X̃)�1X̃>Ỹ Exercise: 

check n,d=1

10



<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y <latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="5N6ER5za55R4hm3LgblpmY49WKA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPO0Y/U</latexit>

✓0

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1 set<latexit sha1_base64="C0sdeB8gd3QsvJYfX9+VS9Bkuuo=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbsSlAbIWgjVhHMBZIQzk4myZDZ2WXmrBBCChtfxcZCEVsfws63cXIpNPGHgY//nMOZ8wexFAY979tJrayurW+kNzNb2zu7e+7+QdVEiWa8wiIZ6XoAhkuheAUFSl6PNYcwkLwWDK4n9doD10ZE6h6HMW+F0FOiKxigtdputqkgkNBuYp8j0Nv8DE7oJfXabs4reFPRZfDnkCNzldvuV7MTsSTkCpkEYxq+F2NrBBoFk3ycaSaGx8AG0OMNiwpCblqj6RFjemydDu1G2j6FdOr+nhhBaMwwDGxnCNg3i7WJ+V+tkWD3ojUSKk6QKzZb1E0kxYhOEqEdoTlDObQATAv7V8r6oIGhzS1jQ/AXT16G6mnBPysU74q50tU8jjTJkiOSJz45JyVyQ8qkQhh5JM/klbw5T86L8+58zFpTznzmkPyR8/kDnHGWxw==</latexit>

r✓J(✓) = 0
<latexit sha1_base64="TOdVf1VrV/J618yeysI7Wb6CWWg="></latexit>

) ✓ = (X̃>X̃)�1X̃>Ỹ

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

Exercise: 

check n,d=1

10



<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y <latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="5N6ER5za55R4hm3LgblpmY49WKA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPO0Y/U</latexit>

✓0

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1 set

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="C0sdeB8gd3QsvJYfX9+VS9Bkuuo=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbsSlAbIWgjVhHMBZIQzk4myZDZ2WXmrBBCChtfxcZCEVsfws63cXIpNPGHgY//nMOZ8wexFAY979tJrayurW+kNzNb2zu7e+7+QdVEiWa8wiIZ6XoAhkuheAUFSl6PNYcwkLwWDK4n9doD10ZE6h6HMW+F0FOiKxigtdputqkgkNBuYp8j0Nv8DE7oJfXabs4reFPRZfDnkCNzldvuV7MTsSTkCpkEYxq+F2NrBBoFk3ycaSaGx8AG0OMNiwpCblqj6RFjemydDu1G2j6FdOr+nhhBaMwwDGxnCNg3i7WJ+V+tkWD3ojUSKk6QKzZb1E0kxYhOEqEdoTlDObQATAv7V8r6oIGhzS1jQ/AXT16G6mnBPysU74q50tU8jjTJkiOSJz45JyVyQ8qkQhh5JM/klbw5T86L8+58zFpTznzmkPyR8/kDnHGWxw==</latexit>

r✓J(✓) = 0
<latexit sha1_base64="TOdVf1VrV/J618yeysI7Wb6CWWg="></latexit>

) ✓ = (X̃>X̃)�1X̃>Ỹ

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

Exercise: 

check n,d=1
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• Sometimes there’s technically a unique best hyperplane, 
but just because of noise 

• Practical: real-life features often have this issue 
• How to choose among hyperplanes? Preference for     

components being near zero

What can go wrong in practice?

<latexit sha1_base64="RQt//54cKz0CYuCKD2mS9wQiln0=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwcF8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDo1HBpcS23aEbMghYIGCpTQTgywOJLQisa3M7/1BMYKrR5wkkAYs6ESA8EZOqnZxREg65UrftWfg66SICcVkqPeK391+5qnMSjkklnbCfwEw4wZFFzCtNRNLSSMj9kQOo4qFoMNs/m1U3rmlD4daONKIZ2rvycyFls7iSPXGTMc2WVvJv7ndVIcXIeZUEmKoPhi0SCVFDWdvU77wgBHOXGEcSPcrZSPmGEcXUAlF0Kw/PIqaV1Ug8tqENxfVmo3eR5FckJOyTkJyBWpkTtSJw3CySN5Jq/kzdPei/fufSxaC14+c0z+wPv8ATwWj2E=</latexit>

✓

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

• Does the linear regr. objective always “curve up”? No! 
• Sometimes there isn’t a unique best hyperplane 

• Then            not invertible
<latexit sha1_base64="ttq3mJzfbvkUyvCuJPuPJNpu3j8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKtg20sWy2m3bpJht3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLK6tr6RnGztLW9s7tX3j9oGpVpxhtMSaX9kBouRcIbKFByP9WcxqHkrXB4M/VbT1wboZJ7HKU8iGk/EZFgFK3k+w8dVCnxu+WKW3VnIMvEy0kFctS75a9OT7Es5gkySY1pe26KwZhqFEzySamTGZ5SNqR93rY0oTE3wXh274ScWKVHIqVtJUhm6u+JMY2NGcWh7YwpDsyiNxX/89oZRlfBWCRphjxh80VRJgkqMn2e9ITmDOXIEsq0sLcSNqCaMrQRlWwI3uLLy6R5VvUuqud355XadR5HEY7gGE7Bg0uowS3UoQEMJDzDK7w5j86L8+58zFsLTj5zCH/gfP4Al3GPsA==</latexit>

X>X
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0

• When          , always “curves up” & can invert 
• Can also solve with an offset

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

• Can think of    as hyperparameter of a learning algorithm 
• How to choose   ? One option: cross validation (see HW!)

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

12

dxn,nxd dxd
<latexit sha1_base64="k/AY0czyCmjpW0V7KZqea3ng8Ls=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQU9S9OKxgrWFNpTNZtMu3WzC7otQQn+GFw8K4tU/481/47bNQVsHFoaZeex7E6RSGHTdb6e0tr6xuVXeruzs7u0fVA+PHk2SacbbLJGJ7gbUcCkUb6NAybup5jQOJO8E49uZ33ni2ohEPeAk5X5Mh0pEglG0Uq8vbTSk5Jq4g2rNrbtzkFXiFaQGBVqD6lc/TFgWc4VMUmN6npuin1ONgkk+rfQzw1PKxnTIe5YqGnPj5/OVp+TMKiGJEm2fQjJXf0/kNDZmEgc2GVMcmWVvJv7n9TKMrvxcqDRDrtjioyiTBBMyu5+EQnOGcmIJZVrYXQkbUU0Z2pYqtgRv+eRV0rmoe4265903as2boo8ynMApnIMHl9CEO2hBGxgk8Ayv8Oag8+K8Ox+LaMkpZo7hD5zPH31lkIw=</latexit>

� > 0

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

Exercise: 

write out 

the learning 

algorithm


