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Getting started: regression

Example: predict pollution level
What do we have? (Training) data
e ntraining data points
 Fordatapointie {1,...,n}
* Feature vector
V) = (Qig),.. (7’)) c R
e Label ¥y € R
e Training data D,, = {(zY,y"), ..., (2™, y™)}
What do we want? A good way to label new points
« How to label? Hypothesis h : R — R

Pollution level

Satellite reading

 Example h: For any x, h(x) = 1,000,000



Linear regressors

 Hypothesis class H : set of h
* Example: all constant functions

* Alinear regression hypotheS|s
when d=1.

h(x;0,00) = 0x + O

+ Alinear reg. hypothesis when g>1: ~_Satelllgreading

h(x;0,600) = 0121+ -+ 0qzq + 6o T
h(x;0) =011+ -+ ded + (90)( .

—0'

e Our hypothesis class
inear regression will be}
5 the set of all such h |



How good is a regression hypothesis?

» Should predict well on future data Y - °

0 o s
* How good Is aregressoratone @ el '
ooint? Loss L(g, a) s S >
» Ex: squared loss = ¢
L(g,a) = (g — a)® L §
 Example: asymmetric loss x§n+1) Z1
_f(g—a)ifg>a Satellite reading
L(gva) _ <\ 2(9_ CL)2 lfg S a
n+n’
| 1 . .
» Test error (n"new points): £(h) = — Z L(h(z'V), y)
T
1= n—l—l
» Training error: &,( ZL

» One idea: prefer h to h if En(h) < E,(h)
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L earning a regressor

 Have data; have hypothesis class
* \Want to choose a good regressor

e Recall: T=—p| h |=—p Y
* New: learnin
— 9 |
DPr algorithm h
 Example:

e Suppose someone already generated 1 trillion

hypotheses, e.g. at random, mdexed by /.
h(])( ) = h(x; 9(3)

Ex learning alg(D,: k) | hypebe
Set j* = the j € {1,...,k} with lowest &, (h<~7>)

Return AU

» How does training error of Ex learning alg(Dy;1)

7

compare to the training error of Ex learning alg(D,;2)7



Linear regression: Another way

 How about we just consider all hypotheses in our class
and choose the one with lowest training error?

 We'll see: not typically straightforward
e But for linear regression with square loss: can do it!

 Recall: training error: &, ( Z L(h y ()

* [raining error: square loss, linear regr., extra “1” teature

1 | |
0) — — o () _ 4 ()32
J(0) = = 32072 —y )

1=1

Define X =
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ORI y
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| inear regression: A Direct Solution

1 -
» Goal: minimize J(0) = E(XH V)" (X6-Y)




Linear regression: A Direct Solution
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o Goal: minimize J(0) = n(XH V) (X6 -Y)

* Uniguely minimized at a point if gradient at that point
IS zero and function “curves up” [see linear algebra]




| inear regression: A Direct Solution

1 - e
» Goal: minimize J(0) = E(XH V)" (X6-Y)

* Uniguely minimized at a point if gradient at that point
IS zero and function “curves up” [see linear algebra]

* Gradient VyJ(0#) =0
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| inear regression: A Direct Solution

1 - e
» Goal: minimize J(0) = E(XH V)" (X6-Y)

* Uniquely minimized at a point if gradient at that point |
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| inear regression: A Direct Solution

1 -
» Goal: minimize J(0) = E(XH V)" (X6-Y)

+ Uniquely minimized at a point if gradient at that point
'S zero and function “curves up” [see linear algebr

+ Gradient VyJ(0) 20 = 0= (X"X)'X"TY § \aae‘o‘ d/‘

1 1
\\,

N\
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Linear regression: A Direct Solution

o Goal: minimize J(0) = i(XH V) (X6 -Y)

* Unigquely minimized at a point if gradlent at that point
IS zero and unctlon ‘curves up” [see linear algebr

* (Gradient VgJ(@)SEtO =60=(X"X)"'X'Yy

642 0
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What can go wrong in practice”

* Does the linear regr. objective always “curve up™? No!

 Sometimes there isn't a unique best hyperplane
e Then X' X not invertible

04202406 R
$-4-20024 65

3 2 T 0 213 ’
e Sometimes there’s technically a unique best hyperplane,
but just because of noise

 Practical: real-lite features often have this issue

 How to choose among hyperplanes” Preterence for 6
components being near zero
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Regularizing linear regression

e Linear regression wi}bh square penalty: ridge regression

1 . .
Jridge (0, 00) = - Z(HTZU(Z) + 00 — y'")? + X0]7

1=1
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Regularizing linear regression

e Linear regression wi}bh square penalty: ridge regression

1 . .
Jriage(0,00) = — > (072" 40—y + AI017 (A >0)

1=1
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Regularizing linear regression

e Linear regression wiqgh square penalty: ridge regression

1 . .
Jridge(97 ‘90) — E Z(QT$(Z) - (90 T y(Z))Q T )‘HHHQ ‘ )

e Special case: ridge regression with no offset

1 - . - -
Tridge(0) = = (X0 =Y) (X0 =Y) + A|6]*

n

* Min at: VgJyidge(0) =0
= 0=(X'X+nA)'X'Y

erC\ se: |
Wwrite OU“
e lea NS}
a\QOm )

« When A > 0, always “curves up” & can invert
* Can also solve with an offset

=" Can think of \ as hyperparameter of a learning algorithm

 How to choose A”? One option: cross validation (see HW!)
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