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[ https://en.wikipedia.org/wiki/Sowing#/media/File:Simon_Bening_-_September.jpg ] 

[ https://en.wikipedia.org/wiki/George_Washington_Carver#/media/File:George_Washington_Carver_c1910_-_Restoration.jpg ] 
[ Katz, Brown, Murphy 1987 ]



• e.g. g(s) = s 
• e.g. g(s) = soil-

moisture-sensor(s)

State Machine
•     = set of possible 

states 
•     = set of possible 

inputs 
•            : initial state 
•                         : 

transition function 
•     : set of possible 

outputs 
•                  : output 

function
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<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

<latexit sha1_base64="zHJY5gkhhikBclBGFDi+73boY8g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kokouiy6cVnRPqAJYTKdtkMnkzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJpwp7Tjf1srq2vrGZmWrur2zu7dvHxx2VJxKQtsk5rHshVhRzgRta6Y57SWS4ijktBtObgq/+0ilYrF40FlC/QiPBBsygrWRArumAgd5TCAvwnpMMM/vp4FddxrODGiZuCWpQ4lWYH95g5ikERWacKxU33US7edYakY4nVa9VNEEkwke0b6hAkdU+fks/BSdGGWAhrE0T2g0U39v5DhSKotCM1lEVIteIf7n9VM9vPJzJpJUU0Hmh4YpRzpGRRNowCQlmmeGYCKZyYrIGEtMtOmrakpwF7+8TDpnDfei4dyd15vXZR0VOIJjOAUXLqEJt9CCNhDI4Ble4c16sl6sd+tjPrpilTs1+APr8wcK+5Rj</latexit>

s0 2 S

Example

<latexit sha1_base64="13fjdHqaWK0CpySePRbBWELA+Y4=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwVRJRfKyKblxWtA9oQplMJ+3QyYOZG6WEfosbf8WNC0VdCX6MkzZgbT0wcDjnXObe48WCK7CsL6OwsLi0vFJcLa2tb2xumds7DRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9wVXmN++ZVDwK72AYMzcgvZD7nBLQUsc89y+wExDoUyLS2xF2gAdM/UotLUne6wORMnqYjnbMslWxxsDzxM5JGeWodcwPpxvRJGAhUEGUattWDG5KJHAq2KjkJIrFhA5Ij7U1DYlexE3HJ47wgVa62I+kfiHgsTo9kZJAqWHg6WS2opr1MvE/r52Af+amPIwTYCGdfOQnAkOEs75wl0tGQQw1IVRyvSumfSIJBd1qSZdgz548TxpHFfukYt0cl6uXeR1FtIf20SGy0SmqomtUQ3VE0SN6Rq/ozXgyXox343MSLRj5zC76A+P7B10VpNQ=</latexit>

f : S ⇥ X ! S

<latexit sha1_base64="S/0UiI26FhNSxC+ejv5t4r1jRF4=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbK2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0jUo14y2mpNKdkBouRcxbKFDyTqI5jULJH8LxTe4/PHFthIrvcZLwIKLDWAwEo2glvxtRHDEqs8dpr1pz6+4MZJl4BalBgWav+tXtK5ZGPEYmqTG+5yYYZFSjYJJPK93U8ISyMR1y39KYRtwE2SzylJxYpU8GStsXI5mpvzcyGhkziUI7mUc0i14u/uf5KQ6ugkzESYo8ZvOPBqkkqEh+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycukfVb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDlhiRcw==</latexit>Y

<latexit sha1_base64="UqwTCm12/OYKxeIFL92RAfFlZuA=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRJRFFdFNy4r2oc0oUymk3ToZBJmJkoJ+QM3/oobF4q4devOv3HSBtTWAxcO59zLvfd4MaNSWdaXUZqbX1hcKi9XVlbX1jfMza2WjBKBSRNHLBIdD0nCKCdNRRUjnVgQFHqMtL3hRe6374iQNOI3ahQTN0QBpz7FSGmpZ+4HZ9AJkRpgxNLrDDqCBgOFhIjuf/TbrGdWrZo1BpwldkGqoECjZ346/QgnIeEKMyRl17Zi5aZIKIoZySpOIkmM8BAFpKspRyGRbjr+J4N7WulDPxK6uIJj9fdEikIpR6GnO/MT5bSXi/953UT5p25KeZwowvFkkZ8wqCKYhwP7VBCs2EgThAXVt0I8QAJhpSOs6BDs6ZdnSeuwZh/XrKujav28iKMMdsAuOAA2OAF1cAkaoAkweABP4AW8Go/Gs/FmvE9aS0Yxsw3+wPj4Bk33nNk=</latexit>

g : S ! Y

rich soil

fallow plant

plant

fallow

poor soil

<latexit sha1_base64="iIc6f4NHJCQxfjFaNBDogtW2i/8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoheh6MVjBfsBbQib7aZdupuE3YkYQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3Syura+kZ5s7K1vbO7Z+8ftHWcKspaNBax6gZEM8Ej1gIOgnUTxYgMBOsE45up33lgSvM4uocsYZ4kw4iHnBIwkm9Xte/gK9wH9ghK5orT0cS3a07dmQEvE7cgNVSg6dtf/UFMU8kioIJo3XOdBLycKOBUsEmln2qWEDomQ9YzNCKSaS+fHT/Bx0YZ4DBWpiLAM/X3RE6k1pkMTKckMNKL3lT8z+ulEF56OY+SFFhE54vCVGCI8TQJPOCKURCZIYQqbm7FdEQUoWDyqpgQ3MWXl0n7tO6e1527s1rjuoijjA7RETpBLrpADXSLmqiFKMrQM3pFb9aT9WK9Wx/z1pJVzFTRH1ifP0VxlIo=</latexit>

s0 = rich
<latexit sha1_base64="PTBgH615oShkEd2SEzwIc9XHdIg=">AAACFnicbVDLSgNBEJz1bXytevQyGIQIGnZFURAh6MVjBBMDybLMTmaTwdmZZaZXDEu+wou/4sWDIl7Fm3/j5IH4Kmgoqrrp7opSwQ143oczMTk1PTM7N19YWFxaXnFX1+pGZZqyGlVC6UZEDBNcshpwEKyRakaSSLCr6Pps4F/dMG24kpfQS1mQkI7kMacErBS6uyb08QmOSyb0dnAL2C3oJE8FkdDftsaXopTuH4du0St7Q+C/xB+TIhqjGrrvrbaiWcIkUEGMafpeCkFONHAqWL/QygxLCb0mHda0VJKEmSAfvtXHW1Zp41hpWxLwUP0+kZPEmF4S2c6EQNf89gbif14zg/goyLlMM2CSjhbFmcCg8CAj3OaaURA9SwjV3N6KaZdoQsEmWbAh+L9f/kvqe2X/oOxd7Bcrp+M45tAG2kQl5KNDVEHnqIpqiKI79ICe0LNz7zw6L87rqHXCGc+sox9w3j4BpvGefQ==</latexit>

s1 = f(s0, plant) = poor;
<latexit sha1_base64="jedcewKF2EvCPkoB+MVSogzKhGQ=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIdVMSUXQjFN24rGAv0IYwmU7aoZNMmDkRS+jGja/ixoUibn0Hd76N0zYLbf1h4OM/53Dm/EEiuAbH+bYWFpeWV1YLa8X1jc2tbXtnt6FlqiirUymkagVEM8FjVgcOgrUSxUgUCNYMBtfjevOeKc1lfAfDhHkR6cU85JSAsXz7YOi7+BL3ytp3jw10gD2AirJESjXy7ZJTcSbC8+DmUEK5ar791elKmkYsBiqI1m3XScDLiAJOBRsVO6lmCaED0mNtgzGJmPayyRUjfGScLg6lMi8GPHF/T2Qk0noYBaYzItDXs7Wx+V+tnUJ44WU8TlJgMZ0uClOBQeJxJLjLFaMghgYIVdz8FdM+UYSCCa5oQnBnT56HxknFPas4t6el6lUeRwHto0NURi46R1V0g2qojih6RM/oFb1ZT9aL9W59TFsXrHxmD/2R9fkDWRaXPQ==</latexit>

y1 = g(s1) = poor
<latexit sha1_base64="WQQWPYh9MMbHWA2uuN0XSUpzdso=">AAACF3icbVDJSgNBEO1xjXEb9eilMQgRZJgJioIIQS8eI5gFkmHo6fQkTXoWumvUMOQvvPgrXjwo4lVv/o2dRdDEBwWP96qoqucngiuw7S9jbn5hcWk5t5JfXVvf2DS3tmsqTiVlVRqLWDZ8opjgEasCB8EaiWQk9AWr+73LoV+/ZVLxOLqBfsLckHQiHnBKQEueaSmvhM9xUFSec4hbwO5BhllAhIjvBgfa+ZEkp93BmWcWbMseAc8SZ0IKaIKKZ3622jFNQxYBFUSppmMn4GZEAqeCDfKtVLGE0B7psKamEQmZcrPRXwO8r5U2DmKpKwI8Un9PZCRUqh/6ujMk0FXT3lD8z2umEJy6GY+SFFhEx4uCVGCI8TAk3OaSURB9TQiVXN+KaZdIQkFHmdchONMvz5JayXKOLfv6qFC+mMSRQ7toDxWRg05QGV2hCqoiih7QE3pBr8aj8Wy8Ge/j1jljMrOD/sD4+AZS3Z7V</latexit>

s2 = f(s1, fallow) = rich;
<latexit sha1_base64="0nxkEsCt0R5YVPKLSrqfy17IeYc=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBiE3YDYo2QtDGMoK5QLIss5PZZMjshZmz4rKksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b1YcAWW9W0UlpZXVteK66WNza3tHXN3r6WiRFLWpJGIZMcjigkesiZwEKwTS0YCT7C2N7qe1Nv3TCoehXeQxswJyCDkPqcEtOWah6lbw5d4UFFu7URDD9gDyCCTnA7Hrlm2qtZUeBHsHMooV8M1v3r9iCYBC4EKolTXtmJwMiKBU8HGpV6iWEzoiAxYV2NIAqacbHrFGB9rp4/9SOoXAp66vycyEiiVBp7uDAgM1XxtYv5X6ybgXzgZD+MEWEhni/xEYIjwJBLc55JREKkGQiXXf8V0SCShoIMr6RDs+ZMXoVWr2mdV6/a0XL/K4yiiA3SEKshG56iOblADNRFFj+gZvaI348l4Md6Nj1lrwchn9tEfGZ8/NLSXJQ==</latexit>

y2 = g(s2) = rich



3 [https://commons.wikimedia.org/wiki/File:Stephen_Hawking.StarChild.jpg, www.itv.com/news/central/story/2014-08-05/locked-in-syndrome-woman-earns-degree-by-blinking]

Text prediction



Text prediction: supervised learning
• Training data: lots of text 

• “what happens to a dream deferred”

4

features label
w h
wh a
wha t
what _
what_ h

what_h a
what_ha p

what_hap p
what_happ e

• Classification with 27 
classes 

• How to featurize? 
• Idea: use all previous 

characters. But so far 
we’ve said                ; 
i.e. fixed dimension  

• Idea: just use last 
character. But lose info 

• Idea: use last m 
characters

<latexit sha1_base64="4zb9GlZPPcmuj6mTJ8WOnPdG8Zc=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0WXRjcsq9gFNWiaTSTt0MgkzE7GEgBt/xY0LRdz6E+78GydtFtp64MLhnHu59x4vZlQqy/o2FhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THQ5IwyklTUcVIJxYEhR4jbW90lfvteyIkjfidGsfEDdGA04BipLTUN/cfemmVHmfQoRw6IVJDz0tvs17qZ32zYtWsCeA8sQtSAQUaffPL8SOchIQrzJCUXduKlZsioShmJCs7iSQxwiM0IF1NOQqJdNPJDxk80ooPg0jo4gpO1N8TKQqlHIee7syvlLNeLv7ndRMVXLgp5XGiCMfTRUHCoIpgHgj0qSBYsbEmCAuqb4V4iATCSsdW1iHYsy/Pk9ZJzT6rWTenlfplEUcJHIBDUAU2OAd1cA0aoAkweATP4BW8GU/Gi/FufExbF4xiZg/8gfH5A5ESl3w=</latexit>

x(i) 2 Rd



Text prediction: supervised learning
• Training data: lots of text 

• “what happens to a dream deferred”

4

features label
w h
wh a
wha t
what _
what_ h

what_h a
what_ha p

what_hap p
what_happ e

• Classification with 27 
classes 

• How to featurize? 
• Idea: use all previous 

characters. But so far 
we’ve said                ; 
i.e. fixed dimension  

• Idea: just use last 
character. But lose info 

• Idea: use last m = 3 
characters

<latexit sha1_base64="4zb9GlZPPcmuj6mTJ8WOnPdG8Zc=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0WXRjcsq9gFNWiaTSTt0MgkzE7GEgBt/xY0LRdz6E+78GydtFtp64MLhnHu59x4vZlQqy/o2FhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THQ5IwyklTUcVIJxYEhR4jbW90lfvteyIkjfidGsfEDdGA04BipLTUN/cfemmVHmfQoRw6IVJDz0tvs17qZ32zYtWsCeA8sQtSAQUaffPL8SOchIQrzJCUXduKlZsioShmJCs7iSQxwiM0IF1NOQqJdNPJDxk80ooPg0jo4gpO1N8TKQqlHIee7syvlLNeLv7ndRMVXLgp5XGiCMfTRUHCoIpgHgj0qSBYsbEmCAuqb4V4iATCSsdW1iHYsy/Pk9ZJzT6rWTenlfplEUcJHIBDUAU2OAd1cA0aoAkweATP4BW8GU/Gi/FufExbF4xiZg/8gfH5A5ESl3w=</latexit>

x(i) 2 Rd
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•       : “what happens to a 
dream deferred” 

•       : “if you can keep your 
head when all about you” 

•       : “you may write me 
down in history”

<latexit sha1_base64="Hr+Zf9/Vtl/kB2QtDexWLefmCFg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXFD0GvXiMYB6QxDA76U2GzM4uM7NiWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffESleSTvzTjGbkgHkgecUWOl5tNDWvZOJ71iya24M5Bl4mWkBBlqveJXpx+xJERpmKBatz03Nt2UKsOZwEmhk2iMKRvRAbYtlTRE3U1n507IiVX6JIiULWnITP09kdJQ63Ho286QmqFe9Kbif147McFVN+UyTgxKNl8UJIKYiEx/J32ukBkxtoQyxe2thA2poszYhAo2BG/x5WXSOKt4FxX37rxUvc7iyMMRHEMZPLiEKtxCDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPmDKPFA==</latexit>

x(1)

<latexit sha1_base64="4dB043h10Dsm2Cz7CYUEhgD1D/I=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJewGRY9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLVXOJr1C0S27M5Bl4mWkCBlqvcJXpx+xJERpmKBatz03Nt2UKsOZwEm+k2iMKRvRAbYtlTRE3U1n507IqVX6JIiULWnITP09kdJQ63Ho286QmqFe9Kbif147McFVN+UyTgxKNl8UJIKYiEx/J32ukBkxtoQyxe2thA2poszYhPI2BG/x5WXSqJS9i7J7d16sXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmbiPFQ==</latexit>

x(2)

<latexit sha1_base64="JG4fUrDkexUl6tbpSDog/6p/KVI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJez6QI9BLx4jmAcka5idTJIhs7PLTK8YlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/naXlldW19dxGfnNre2e3sLdfN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMbyZ+45FrIyJ1j6OY+yHtK9ETjKKVGk8PaensZNwpFN2yOwVZJF5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwycf5dmJ4TNmQ9nnLUkVDbvx0eu6YHFulS3qRtqWQTNXfEykNjRmFge0MKQ7MvDcR//NaCfau/FSoOEGu2GxRL5EEIzL5nXSF5gzlyBLKtLC3EjagmjK0CeVtCN78y4ukflr2Lsru3Xmxcp3FkYNDOIISeHAJFbiFKtSAwRCe4RXenNh5cd6dj1nrkpPNHMAfOJ8/mz6PFg==</latexit>

x(3)

A state machine: writing & predicting text
• Recall state machines: 

• Set of possible states    
• Set of possible inputs    
• Initial state 
• Transition function f(s,x) 
• Set of possible outputs     
• Output function p = g(s)

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

previously “y”

t xt st
0 ^^^
1 w ^^w
2 h ^wh
3 a wha
4 t hat
5 _ at_

(1) (1)

• Example: 
• Every sequence of 3 chars 
• Every single character 
• s0 = ^^^ 
• E.g. f(^^w,h) = ^wh 
• Output: 27 prediction probs 
• E.g. p=g(^^^) = [0.08, 0.02, 

…., 0.001, 0.01]



A state machine: writing & predicting text
• Recall state machines: 

• Set of possible states    
• Set of possible inputs    
• Initial state 
• Transition function f(s,x) 
• Set of possible outputs     
• Output function p = g(s)

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

• Example: 
• Every sequence of 3 chars 
• Every single character 
• s0 
• E.g. f(         ,x) =  
• Output: v prediction probs 
• E.g. p=g(       )

• Example with alphabet {0,1} (v=2); state is last m = 3 chars

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="xzh+PM2bvoqtwy7tQhjQDoq+cfA=">AAACHnicbVDLSsQwFE19O75GXboJDoKrofW9FN24VHBUmJSSZm5ngmlakltxKPMlbvwVNy4UEVzp35gZu/B14MLhnHuTe0+cK2nR9z+8sfGJyanpmdna3PzC4lJ9eeXCZoUR0BKZysxVzC0oqaGFEhVc5QZ4Giu4jK+Ph/7lDRgrM32O/RzClHe1TKTg6KSovssUJNimLIau1CU3hvcHpRjURLTFmIi2GbtloDuVw4zs9jCM6g2/6Y9A/5KgIg1S4TSqv7FOJooUNArFrW0Hfo6hexSlUDCoscJCzsU170LbUc1TsGE5Om9AN5zSoUlmXGmkI/X7RMlTa/tp7DpTjj372xuK/3ntApODsJQ6LxC0+PooKRTFjA6zoh1pQKDqO8KFkW5XKnrccIEu0ZoLIfh98l9ysdUM9po7ZzuNw6MqjhmyRtbJJgnIPjkkJ+SUtIggd+SBPJFn79579F6816/WMa+aWSU/4L1/AqiFo3c=</latexit>2

4
c2
c3
x

3

5

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="k6+pB40ybRhtZz0rneAKVXh2C0U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0YtQ9OKxgv2ANoTNdtMu3STL7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC5UUBl3321lZXVvf2CxsFbd3dvf2SweHTZNmmvEGS2Wq2yE1XIqEN1Cg5G2lOY1DyVvh8G7qt564NiJNHnGkuB/TfiIiwShaqasCJDekXzEBngWlslt1ZyDLxMtJGXLUg9JXt5eyLOYJMkmN6XiuQn9MNQom+aTYzQxXlA1pn3csTWjMjT+e3Twhp1bpkSjVthIkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKNrfywSlSFP2HxRlEmCKZkGQHpCc4ZyZAllWthbCRtQTRnamIo2BG/x5WXSPK96l1X34aJcu83jKMAxnEAFPLiCGtxDHRrAQMEzvMKbkzkvzrvzMW9dcfKZI/gD5/MHiXmQtA==</latexit>

pt = g(st)
<latexit sha1_base64="HE1JBGq+kn8C2HqUZ4o1LvwxhiE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAhlpii6EYpuXFawF2jHIZNm2tBMMiQZoQwFN76KGxeKuPUl3Pk2ptNZaPWHwMd/zuHk/EHMqNKO82UVFhaXlleKq6W19Y3NLXt7p6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK6m9fY9kYoKfqvHMfEiNOA0pBhpY/n23gUM/VqlfZeKCVS+hscwY9858u2yU3Uywb/g5lAGuRq+/dnrC5xEhGvMkFJd14m1lyKpKWZkUuolisQIj9CAdA1yFBHlpdkNE3honD4MhTSPa5i5PydSFCk1jgLTGSE9VPO1qflfrZvo8NxLKY8TTTieLQoTBrWA00Bgn0qCNRsbQFhS81eIh0girE1sJROCO3/yX2jVqu5p1bk5Kdcv8ziKYB8cgApwwRmog2vQAE2AwQN4Ai/g1Xq0nq03633WWrDymV3wS9bHNymtlfA=</latexit>

= f2(W
ost +W o

0 ) same as final layer in all of our neural 
networks so far, except for notation

<latexit sha1_base64="0rlqOqj1+JJzpZucF8UcAS4J0VE="></latexit>
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A state machine: writing & predicting text
• Recall state machines: 

• Set of possible states    
• Set of possible inputs    
• Initial state 
• Transition function f(s,x) 
• Set of possible outputs     
• Output function p = g(s)

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

• Example: 
• Every sequence of 3 chars 
• Every single character 
• s0 
• E.g. f(         ,x) =  
• Output: v prediction probs 
• E.g. p=g(       )

• Example with alphabet {0,1} (v=2); state is last m = 3 chars

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="xzh+PM2bvoqtwy7tQhjQDoq+cfA=">AAACHnicbVDLSsQwFE19O75GXboJDoKrofW9FN24VHBUmJSSZm5ngmlakltxKPMlbvwVNy4UEVzp35gZu/B14MLhnHuTe0+cK2nR9z+8sfGJyanpmdna3PzC4lJ9eeXCZoUR0BKZysxVzC0oqaGFEhVc5QZ4Giu4jK+Ph/7lDRgrM32O/RzClHe1TKTg6KSovssUJNimLIau1CU3hvcHpRjURLTFmIi2GbtloDuVw4zs9jCM6g2/6Y9A/5KgIg1S4TSqv7FOJooUNArFrW0Hfo6hexSlUDCoscJCzsU170LbUc1TsGE5Om9AN5zSoUlmXGmkI/X7RMlTa/tp7DpTjj372xuK/3ntApODsJQ6LxC0+PooKRTFjA6zoh1pQKDqO8KFkW5XKnrccIEu0ZoLIfh98l9ysdUM9po7ZzuNw6MqjhmyRtbJJgnIPjkkJ+SUtIggd+SBPJFn79579F6816/WMa+aWSU/4L1/AqiFo3c=</latexit>2

4
c2
c3
x

3

5

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="k6+pB40ybRhtZz0rneAKVXh2C0U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0YtQ9OKxgv2ANoTNdtMu3STL7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC5UUBl3321lZXVvf2CxsFbd3dvf2SweHTZNmmvEGS2Wq2yE1XIqEN1Cg5G2lOY1DyVvh8G7qt564NiJNHnGkuB/TfiIiwShaqasCJDekXzEBngWlslt1ZyDLxMtJGXLUg9JXt5eyLOYJMkmN6XiuQn9MNQom+aTYzQxXlA1pn3csTWjMjT+e3Twhp1bpkSjVthIkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKNrfywSlSFP2HxRlEmCKZkGQHpCc4ZyZAllWthbCRtQTRnamIo2BG/x5WXSPK96l1X34aJcu83jKMAxnEAFPLiCGtxDHRrAQMEzvMKbkzkvzrvzMW9dcfKZI/gD5/MHiXmQtA==</latexit>

pt = g(st)
<latexit sha1_base64="HE1JBGq+kn8C2HqUZ4o1LvwxhiE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAhlpii6EYpuXFawF2jHIZNm2tBMMiQZoQwFN76KGxeKuPUl3Pk2ptNZaPWHwMd/zuHk/EHMqNKO82UVFhaXlleKq6W19Y3NLXt7p6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK6m9fY9kYoKfqvHMfEiNOA0pBhpY/n23gUM/VqlfZeKCVS+hscwY9858u2yU3Uywb/g5lAGuRq+/dnrC5xEhGvMkFJd14m1lyKpKWZkUuolisQIj9CAdA1yFBHlpdkNE3honD4MhTSPa5i5PydSFCk1jgLTGSE9VPO1qflfrZvo8NxLKY8TTTieLQoTBrWA00Bgn0qCNRsbQFhS81eIh0girE1sJROCO3/yX2jVqu5p1bk5Kdcv8ziKYB8cgApwwRmog2vQAE2AwQN4Ai/g1Xq0nq03633WWrDymV3wS9bHNymtlfA=</latexit>

= f2(W
ost +W o

0 ) same as final layer in all of our neural 
networks so far, except for notation

<latexit sha1_base64="0rlqOqj1+JJzpZucF8UcAS4J0VE="></latexit>
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A state machine: writing & predicting text
• Recall state machines: 

• Set of possible states    
• Set of possible inputs    
• Initial state 
• Transition function f(s,x) 
• Set of possible outputs     
• Output function p = g(s)

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

• Example: 
• Every sequence of 3 chars 
• Every single character 
• s0 
• E.g. f(         ,x) =  
• Output: v prediction probs 
• E.g. p=g(       )

• Example with alphabet {0,1} (v=2); state is last m = 3 chars

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="xzh+PM2bvoqtwy7tQhjQDoq+cfA=">AAACHnicbVDLSsQwFE19O75GXboJDoKrofW9FN24VHBUmJSSZm5ngmlakltxKPMlbvwVNy4UEVzp35gZu/B14MLhnHuTe0+cK2nR9z+8sfGJyanpmdna3PzC4lJ9eeXCZoUR0BKZysxVzC0oqaGFEhVc5QZ4Giu4jK+Ph/7lDRgrM32O/RzClHe1TKTg6KSovssUJNimLIau1CU3hvcHpRjURLTFmIi2GbtloDuVw4zs9jCM6g2/6Y9A/5KgIg1S4TSqv7FOJooUNArFrW0Hfo6hexSlUDCoscJCzsU170LbUc1TsGE5Om9AN5zSoUlmXGmkI/X7RMlTa/tp7DpTjj372xuK/3ntApODsJQ6LxC0+PooKRTFjA6zoh1pQKDqO8KFkW5XKnrccIEu0ZoLIfh98l9ysdUM9po7ZzuNw6MqjhmyRtbJJgnIPjkkJ+SUtIggd+SBPJFn79579F6816/WMa+aWSU/4L1/AqiFo3c=</latexit>2

4
c2
c3
x

3

5

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="k6+pB40ybRhtZz0rneAKVXh2C0U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0YtQ9OKxgv2ANoTNdtMu3STL7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC5UUBl3321lZXVvf2CxsFbd3dvf2SweHTZNmmvEGS2Wq2yE1XIqEN1Cg5G2lOY1DyVvh8G7qt564NiJNHnGkuB/TfiIiwShaqasCJDekXzEBngWlslt1ZyDLxMtJGXLUg9JXt5eyLOYJMkmN6XiuQn9MNQom+aTYzQxXlA1pn3csTWjMjT+e3Twhp1bpkSjVthIkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKNrfywSlSFP2HxRlEmCKZkGQHpCc4ZyZAllWthbCRtQTRnamIo2BG/x5WXSPK96l1X34aJcu83jKMAxnEAFPLiCGtxDHRrAQMEzvMKbkzkvzrvzMW9dcfKZI/gD5/MHiXmQtA==</latexit>

pt = g(st)
<latexit sha1_base64="HE1JBGq+kn8C2HqUZ4o1LvwxhiE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAhlpii6EYpuXFawF2jHIZNm2tBMMiQZoQwFN76KGxeKuPUl3Pk2ptNZaPWHwMd/zuHk/EHMqNKO82UVFhaXlleKq6W19Y3NLXt7p6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK6m9fY9kYoKfqvHMfEiNOA0pBhpY/n23gUM/VqlfZeKCVS+hscwY9858u2yU3Uywb/g5lAGuRq+/dnrC5xEhGvMkFJd14m1lyKpKWZkUuolisQIj9CAdA1yFBHlpdkNE3honD4MhTSPa5i5PydSFCk1jgLTGSE9VPO1qflfrZvo8NxLKY8TTTieLQoTBrWA00Bgn0qCNRsbQFhS81eIh0girE1sJROCO3/yX2jVqu5p1bk5Kdcv8ziKYB8cgApwwRmog2vQAE2AwQN4Ai/g1Xq0nq03633WWrDymV3wS9bHNymtlfA=</latexit>

= f2(W
ost +W o

0 ) same as final layer in all of our neural 
networks so far, except for notation

<latexit sha1_base64="/herhF0vJlJgt4HMkVy4JkDdUY8="></latexit>

st = f1 (W
sxxt +W ssst�1 +W ss

0 )

7



A state machine: writing & predicting text
• Recall state machines: 

• Set of possible states    
• Set of possible inputs    
• Initial state 
• Transition function f(s,x) 
• Set of possible outputs     
• Output function p = g(s)

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="kh3375+yiKoEh3r1A+qZnpUigCA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXc2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqu4+XNYat0UdZTiBUzgHD66hAffQhBYwiOEZXuHNQefFeXc+FqMlp9g5hj9wPn8AlJORcg==</latexit>X

• Example: 
• Every sequence of 3 chars 
• Every single character 
• s0 
• E.g. f(         ,x) =  
• Output: v prediction probs 
• E.g. p=g(       )

• Example with alphabet {0,1} (v=2); state is last m = 3 chars

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="xzh+PM2bvoqtwy7tQhjQDoq+cfA=">AAACHnicbVDLSsQwFE19O75GXboJDoKrofW9FN24VHBUmJSSZm5ngmlakltxKPMlbvwVNy4UEVzp35gZu/B14MLhnHuTe0+cK2nR9z+8sfGJyanpmdna3PzC4lJ9eeXCZoUR0BKZysxVzC0oqaGFEhVc5QZ4Giu4jK+Ph/7lDRgrM32O/RzClHe1TKTg6KSovssUJNimLIau1CU3hvcHpRjURLTFmIi2GbtloDuVw4zs9jCM6g2/6Y9A/5KgIg1S4TSqv7FOJooUNArFrW0Hfo6hexSlUDCoscJCzsU170LbUc1TsGE5Om9AN5zSoUlmXGmkI/X7RMlTa/tp7DpTjj372xuK/3ntApODsJQ6LxC0+PooKRTFjA6zoh1pQKDqO8KFkW5XKnrccIEu0ZoLIfh98l9ysdUM9po7ZzuNw6MqjhmyRtbJJgnIPjkkJ+SUtIggd+SBPJFn79579F6816/WMa+aWSU/4L1/AqiFo3c=</latexit>2

4
c2
c3
x

3

5

<latexit sha1_base64="/g+frMnjT4jBw8dzvJpLxwWq4Ew=">AAACIHicbVDLTsMwEHR4U14FjlwsKiROVQIIOCK4cCwSfUhNFDnuprXqOJG9QaqifgoXfoULBxCCG3wNbpsDr5FsjWZ2196JMikMuu6HMze/sLi0vLJaWVvf2Nyqbu+0TJprDk2eylR3ImZACgVNFCihk2lgSSShHQ2vJn77DrQRqbrFUQZBwvpKxIIztFJYPfMlxNilfgR9oQqmNRuNCz6u8NDzfR4eTa5jH1Sv9Hwt+gMMwmrNrbtT0L/EK0mNlGiE1Xe/l/I8AYVcMmO6npthYIei4BLGFT83kDE+ZH3oWqpYAiYopguO6YFVejROtT0K6VT93lGwxJhREtnKhOHA/PYm4n9eN8f4PCiEynIExWcPxbmkmNJJWrQnNHCUI0sY18L+lfIB04yjzbRiQ/B+r/yXtI7q3mn95OakdnFZxrFC9sg+OSQeOSMX5Jo0SJNwck8eyTN5cR6cJ+fVeZuVzjllzy75AefzC9EEpAY=</latexit>2

4
c1
c2
c3

3

5

<latexit sha1_base64="k6+pB40ybRhtZz0rneAKVXh2C0U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0YtQ9OKxgv2ANoTNdtMu3STL7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC5UUBl3321lZXVvf2CxsFbd3dvf2SweHTZNmmvEGS2Wq2yE1XIqEN1Cg5G2lOY1DyVvh8G7qt564NiJNHnGkuB/TfiIiwShaqasCJDekXzEBngWlslt1ZyDLxMtJGXLUg9JXt5eyLOYJMkmN6XiuQn9MNQom+aTYzQxXlA1pn3csTWjMjT+e3Twhp1bpkSjVthIkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKNrfywSlSFP2HxRlEmCKZkGQHpCc4ZyZAllWthbCRtQTRnamIo2BG/x5WXSPK96l1X34aJcu83jKMAxnEAFPLiCGtxDHRrAQMEzvMKbkzkvzrvzMW9dcfKZI/gD5/MHiXmQtA==</latexit>

pt = g(st)
<latexit sha1_base64="HE1JBGq+kn8C2HqUZ4o1LvwxhiE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAhlpii6EYpuXFawF2jHIZNm2tBMMiQZoQwFN76KGxeKuPUl3Pk2ptNZaPWHwMd/zuHk/EHMqNKO82UVFhaXlleKq6W19Y3NLXt7p6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK6m9fY9kYoKfqvHMfEiNOA0pBhpY/n23gUM/VqlfZeKCVS+hscwY9858u2yU3Uywb/g5lAGuRq+/dnrC5xEhGvMkFJd14m1lyKpKWZkUuolisQIj9CAdA1yFBHlpdkNE3honD4MhTSPa5i5PydSFCk1jgLTGSE9VPO1qflfrZvo8NxLKY8TTTieLQoTBrWA00Bgn0qCNRsbQFhS81eIh0girE1sJROCO3/yX2jVqu5p1bk5Kdcv8ziKYB8cgApwwRmog2vQAE2AwQN4Ai/g1Xq0nq03633WWrDymV3wS9bHNymtlfA=</latexit>

= f2(W
ost +W o

0 )

<latexit sha1_base64="/herhF0vJlJgt4HMkVy4JkDdUY8="></latexit>

st = f1 (W
sxxt +W ssst�1 +W ss

0 )

Put it all together:
<latexit sha1_base64="iUA4eX/4h6RSZg+3DWJ388md51Q=">AAACEHicbVDJSgNBEO2JW4zbqEcvTYKYoIQZQRRECHrxFKKYBZIYejqdpEnPQneNJAz5BC/in3jxoIhXj97yN3aWgyY+KHi8V0VVPScQXIFlDY3YwuLS8kp8NbG2vrG5ZW7vlJQfSsqK1Be+rDhEMcE9VgQOglUCyYjrCFZ2ulcjv/zApOK+dwf9gNVd0vZ4i1MCWmqYB8F9lOaZAb7ANWA9kG50m88P0r2JfI7LR7jcsDINM2VlrTHwPLGnJJVL1g6fh7l+oWF+15o+DV3mARVEqaptBVCPiAROBRskaqFiAaFd0mZVTT3iMlWPxg8N8L5WmrjlS10e4LH6eyIirlJ919GdLoGOmvVG4n9eNYTWWT3iXhAC8+hkUSsUGHw8Sgc3uWQURF8TQiXXt2LaIZJQ0BkmdAj27MvzpHSctU+y1o2dyl2iCeJoDyVRGtnoFOXQNSqgIqLoEb2gN/RuPBmvxofxOWmNGdOZXfQHxtcPaUqd4Q==</latexit>

p(i) = RNN(x(i);W,W0)

7 “recurrent neural network”

Recall: 
• In 2-layer, fully-connected NNs, 

we learned the features. 
• In CNNs, we learned the filters. 
• Analogous idea here.



Recurrent Neural Networks
Recall: familiar pattern 
1. Choose how to predict label (given features & 

parameters) 
2. Choose a loss (between guess & actual label) 
3. Choose parameters by trying to minimize the training loss

8

<latexit sha1_base64="k6+pB40ybRhtZz0rneAKVXh2C0U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0YtQ9OKxgv2ANoTNdtMu3STL7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC5UUBl3321lZXVvf2CxsFbd3dvf2SweHTZNmmvEGS2Wq2yE1XIqEN1Cg5G2lOY1DyVvh8G7qt564NiJNHnGkuB/TfiIiwShaqasCJDekXzEBngWlslt1ZyDLxMtJGXLUg9JXt5eyLOYJMkmN6XiuQn9MNQom+aTYzQxXlA1pn3csTWjMjT+e3Twhp1bpkSjVthIkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKNrfywSlSFP2HxRlEmCKZkGQHpCc4ZyZAllWthbCRtQTRnamIo2BG/x5WXSPK96l1X34aJcu83jKMAxnEAFPLiCGtxDHRrAQMEzvMKbkzkvzrvzMW9dcfKZI/gD5/MHiXmQtA==</latexit>

pt = g(st)
<latexit sha1_base64="HE1JBGq+kn8C2HqUZ4o1LvwxhiE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAhlpii6EYpuXFawF2jHIZNm2tBMMiQZoQwFN76KGxeKuPUl3Pk2ptNZaPWHwMd/zuHk/EHMqNKO82UVFhaXlleKq6W19Y3NLXt7p6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK6m9fY9kYoKfqvHMfEiNOA0pBhpY/n23gUM/VqlfZeKCVS+hscwY9858u2yU3Uywb/g5lAGuRq+/dnrC5xEhGvMkFJd14m1lyKpKWZkUuolisQIj9CAdA1yFBHlpdkNE3honD4MhTSPa5i5PydSFCk1jgLTGSE9VPO1qflfrZvo8NxLKY8TTTieLQoTBrWA00Bgn0qCNRsbQFhS81eIh0girE1sJROCO3/yX2jVqu5p1bk5Kdcv8ziKYB8cgApwwRmog2vQAE2AwQN4Ai/g1Xq0nq03633WWrDymV3wS9bHNymtlfA=</latexit>

= f2(W
ost +W o

0 )

In our example application: 
1. Use an RNN:

<latexit sha1_base64="/herhF0vJlJgt4HMkVy4JkDdUY8="></latexit>

st = f1 (W
sxxt +W ssst�1 +W ss

0 )

2. Loss: for q sequences, where the ith has length

<latexit sha1_base64="iUA4eX/4h6RSZg+3DWJ388md51Q=">AAACEHicbVDJSgNBEO2JW4zbqEcvTYKYoIQZQRRECHrxFKKYBZIYejqdpEnPQneNJAz5BC/in3jxoIhXj97yN3aWgyY+KHi8V0VVPScQXIFlDY3YwuLS8kp8NbG2vrG5ZW7vlJQfSsqK1Be+rDhEMcE9VgQOglUCyYjrCFZ2ulcjv/zApOK+dwf9gNVd0vZ4i1MCWmqYB8F9lOaZAb7ANWA9kG50m88P0r2JfI7LR7jcsDINM2VlrTHwPLGnJJVL1g6fh7l+oWF+15o+DV3mARVEqaptBVCPiAROBRskaqFiAaFd0mZVTT3iMlWPxg8N8L5WmrjlS10e4LH6eyIirlJ919GdLoGOmvVG4n9eNYTWWT3iXhAC8+hkUSsUGHw8Sgc3uWQURF8TQiXXt2LaIZJQ0BkmdAj27MvzpHSctU+y1o2dyl2iCeJoDyVRGtnoFOXQNSqgIqLoEb2gN/RuPBmvxofxOWmNGdOZXfQHxtcPaUqd4Q==</latexit>

p(i) = RNN(x(i);W,W0)

<latexit sha1_base64="y69zVvhwbCdII4FUQPF8npZkDpk="></latexit>

Lseq(p(i), y(i)) =
Pn(i)

t=1 Lelt(p
(i)
t , y(i)t )

<latexit sha1_base64="nbNh64vjG+0/926gAXFTyk7w1qs="></latexit>

J(W,W0) =
Pq

i=1 Lseq

�
p(i), y(i)

�

<latexit sha1_base64="e/TguRzmSNjvmvKgDcFvhYHXiT8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWaqnHtCzOp71iya24c5BV4mWkBBnqveJXtx+xJOQKmaTGdDw3Rj+lGgWTfFroJobHlI3pkHcsVTTkxk/n507JmVX6ZBBpWwrJXP09kdLQmEkY2M6Q4sgsezPxP6+T4ODaT4WKE+SKLRYNEkkwIrPfSV9ozlBOLKFMC3srYSOqKUObUMGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwB37qPRw==</latexit>

n(i)

3. Stochastic gradient descent

elementsequence



Machine learning (ML): why & what

[https://www.scientificamerican.com/article/artificial-intelligence-develops-an-ear-for-birdsong1/#]

• What is ML? A set of methods for making decisions 
from data. (See the rest of the course!)  

• Why study ML? To apply; to understand; to evaluate 
• Notes: ML is a tool with pros & cons. ML is built on math



Thank you!


