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Recap:

Dtrain %

"Learn" a model —

.;‘A'ﬁ?

©

hypothesis class
loss function
hyperparameters

Regression

Algorithm

x
)
—5> | R | regressor
)
g

train, optimize, tune, adapt ...

adjusting /updating/ finding 6

gradient based

"Use" a model

predict, test, evaluate, infer ...

plug in the 6 found

no gradients involved



Today:

h classifier
Classification \J
Algorithm g € a discrete set

10,1}

W, a_a}

{"good", "better", "best", ...}

{"Fish", "Grizzly", "Chameleon", ...}



Outline

1. Linear (binary) classifiers

- to use: separator, normal vector

e to learn: very difficult!

2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers



linear binary classifier

features | z € RY
label | y€R - ye{0,1}
parameters 0 € RY, 6, € R
linear combination 'z +0, =z
1 ifz >0 S
predict | g==z . g=
0 otherwise

today, we refer to 67z + 6 as z throughout.
6
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https://shenshen.mit.edu/demos/separator.html

Outline

1. Linear (binary) classifiers

* to use: separator, normal vector

» to learn: very difficult!

2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers



Lo(g,9) =0

o To learn a model, need a loss function. ’
: 1
4

e One natural loss choice: -3

g = step (z) = step (9T£B + 90) J

0 if glress = la\l;el :
Lo (g y) = { . N B . .
’ 1 otherwise o) — 0

« Very intuitive, and easy to evaluate &

" N , “Lulgy) =1



Jo1(0) very hard to optimize (NP-hard) @2

« "Flat" almost everywhere (zero gradient VyJ;(6))

o "Jumps" elsewhere (no gradient)
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https://shenshen.mit.edu/demos/classification/ols-01-lr.html?models=ols,01

puiy iy R

parameters |

linear regressor

_____________ L o e e e e o e o e e e o e o o B B o B B o B B B B o

linear combo !

_______________________________________________________________________________________________________________________________________________________

Esquared — (g - y)2

y € {0,1}

] ) :

< 1 ifz >0 ¢ is "flat” and
g = . |

- L0 otherwise discrete in 6

Ly = [0 ifg=y Lo1(g,y) is "flat"
It T 1 otherwise and discrete in g

1
______________________ L e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e o o i o o e o
1 1

optimize
method |

e closed-form formula
 gradient descent

training error almost "flat” w.r.t 6,
gradient gives very little info
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Outline

1. Linear (binary) classifiers

2. Linear logistic (binary) classifiers

- to use: sigmoid

- to learn: negative log-likelihood loss

3. Linear multi-class classifiers
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predict

e e e e e e

linear logistic binary classifier

1 ifo(z) > 0.5 Sigmoid o (-): confidence or
estimated likelihood that x
0 otherwise belongs to the positive class
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-« 0, 0 can flip, squeeze, expand, or:
-~ shift the o () graph horizontally
e 0 (-) monotonic, very elegant E
' gradient (see hw /lab)
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https://shenshen.mit.edu/demos/classification/step_sigmoid.html

linear logistic binary classifi

features: xz € R?
parameters: § € R4, 6, € R

the logit z:

Z = 9T$ + 90
apply sigmoid:
1

o(2) = 1+ e *

Predict 1 if o(z) > 0.5, else 0.
0(z) =05 < 2=0
— 0'xz+6,=0

er
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separator is linear in feature !
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Outline

1. Linear (binary) classifiers

2. Linear logistic (binary) classifiers

 to use: sigmoid

- to learn: negative log-likelihood loss

3. Linear multi-class classifiers
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Example: a single training data fromy = 1 class ~ want a smooth loss £(g, y) to reward g closer to y?
+

Temperature (C) negative log likelihood

Lo (9,y) = —logg

12t
if y=1, loss = -log(g)
10}
8 -
g o6er
o
©9)
4}
2 -
0.5 [ @
© gnear(
0 !
0.0 0.2 0.4 0.6 0.8 1.0

Temperature (C)
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Example: a single training data from y = 0 class

Temperature (C)

Temperature (C

loss

12

10}

1—g=1-—o0():the model's predicted
likelihood that = belongs to the negative class.

L(g,0) := —log(1l — g)

if y=0, loss = -log(1 - g)

Q9

0.0

0:2 0.4 0.6 0.8

1.0
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https://shenshen.mit.edu/demos/classification/nll.html

Because the actual label y € {0,1},

~1 ify =1
Lo (9,9) :{ _gig)_ 9) ;fzzo & —[ylogg + (1 —y)log(l — g)]
e« Wheny =1: — [v1log g + | = —logg
« Wheny =0 | - log (1 —g)] = — [log (1 — g)]

Read as: ) (true label for class k) - — log(predicted prob of class k).

Since y € {0,1}, only the true class's term survives.
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linear logistic binary classifier

1
1
___________________________________________________________________ g

featuresi r ¢ R?
Cdabel y e {0,1)
parametersé 6 cR? 6O, cR
linear combo 0z + 0y = 2
predictg { 1 ifg=o0(z)>0.5
: i 0 otherwise

_____________________________________________________________________________________________________________________________________________

optimize via gradient descent



training data: z =1,y =1 Lon(g,1):= —log(g)

.« If the data set is linearly separable, nll has no minimizer
e in theory, 6 tends to have large magnitude => overly confident
-« common to add ridge penalty \||6]|?
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https://shenshen.mit.edu/demos/nlloverfit.html

Outline

1. Linear (binary) classifiers
2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers

» to use: softmax

» to learn: one-hot encoding, cross-entropy loss
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https://s3.amazonaws.com/media-p.slid.es/imports/1146306/_JocG0yx/82483bb3853b65ffd4c8fda535bb1cc3.mp4

to predict {hotdog, or not_hotdog}, a scalar logit z suffices

6 cR% 0, €R o (+) : predicted
T normalizing probability that x
. 01z + 6, (squashing) /_9 belongs to hotdog
\'\ > z€R > o(z) eR

raw score 1 — o () : predicted
for hotdog e probability that

implicitly '>belongs to not_hotdog

determines

for K > 2 classes, a single scalar z no longer suffices — use K logit scores to keep track
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for K classes, use K logit scores.

e.g. K = 3: {hot-dog, pizza, veggie}

6 ¢ R>K g, ¢ RE

T ) normali.zing predicted probability that
\ 0" = + 0, (squashing) softmax(z) z belongs to hotdog
\, » 2ER " eR?
K logits n ) predicted probability that
] z belongs to pizza

one raw Sscore

each category
predicted probability that

z belongs to veggie

26



softmax: R* — R®

softmax(z) :

e.g.

softmax

P

max among the K logits

exp(21)
5:1 exp(zx)

exp(zk)

| > 0h s exp(zr)

S \\\Outputs all € [07 1]’

sumto 1

0.0900]
— |0.2447
0.6653 |

e N

"soft" max'd in the output
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sigmoid R —R softmax: REX — RX

1 |
o(z) := : _
1 + exp(—2) i exp(21)
i Zszl exp(zk)
B exp(z) softmax(z) :=
exp(z) + eXp(O‘z exp(2k )
i LYK exp(zr)

implicit logit for the negative class
predict positive if o(z) > 0.5 = o(0) predict the category with the highest softmax score

unifying rule: predict the class with the largest logit



linear logistic : one-out-of-K

o e e e e e e -

binary classifier classifier
features
parameters 6 c R-E gy c RE

_________________________ S

linear combo | 0Tz +6, =z cRE
exp(z1)
i{ L exp(zr)

o(z) = (S;qi(z) ) softmax(z) =
predict xP *Pi2
exp(zx)
| >0 exp(zr)

Epredict positive if o(z) > o(0) predict the class with the highest softmax
’ . score



Outline

1. Linear (binary) classifiers
2. Linear logistic (binary) classifiers

3. Linear multi-class classifiers

e to use: softmax

» to learn: one-hot encoding, cross-entropy loss
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One-hot encoding;:
 Generalizes from {0, 1} binary labels

« Encode the K classes as an R® vector, with a single 1 (hot) and 0s elsewhere

( & .

( 9,

Training data Training data
T Y 4y Yy
( & , "hot-dog") B 1] in general, for K classes:
S K =3 (&, [o])
( q s ”pizza” ) . :0: class: 1 2 K
3 e n 0 -
( @ ) v'Veggle ) ( q , 1 ) -
. " 0
( ’ , 'veggie" ) =
0
0 []
1
0
0
1




Negative log-likelihood K — classes loss (aka, cross-entropy)

g : softmax output g, : probability or confidence of belonging in class &

\
\
Vv

K L
ACnllm(ga y) — = Z Yk - 1Og (gk)
A k=1

N
'

y :one-hot encoding label \ Yy : kth entry in y, either 0 or 1

o Generalizes negative log likelihood loss £L.1(g,y) = — [ylogg + (1 — y)log (1 — g)]
o Despite the K —term sum, only the term corresponding to its true class label

contributes, since all other y;, = 0
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current prediction g =

softmax(-)
— log

hot dog

veggie

0 1

—[0.7, 0.2, 0.1]

—log(g)

hot dog
pizza

veggie

0 )

~ [0.36, 1.61, 2.30]

y (true label)

hot dog
pizza

veggie

0 1

=[1, 0, 0] Loss ~ 0.36

To reduce the loss, g, needs to go up — this signal flows smoothly back

to 0 through —log and softmax, so we can optimize via gradient descent.
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Summary

o Classification predicts a label from a discrete set; a linear binary classifier

separates the feature space with a hyperplane defined by 6, 6.
e The 0-1 loss is natural for classification but NP-hard to optimize.

o The sigmoid o(z) gives a smooth, probabilistic step function; paired with the
NLL loss, we can train via (S)GD.

« Regularization remains important for logistic classifiers.

 Multi-class classification generalizes via one-hot encoding and softmax.
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